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PREFACE 

- The present volume contains a second course in algebra 
adapted to the latter part of the High School curriculum. 
Many schools give only one half year to the study of the 
second course in algebra,, and it is the object of this book 
to supply material adapted to the needs of such schools. In 
different parts of the country, tentative syllabi have recently 
. been worked out for such a briefer study, and these syllabi 
have been carefully considered by the authors in writing the 
present volume. 

The features which characterize the authors' First 
Book in Algebra are continued and developed. Ex- 
tended use is made of the graph, among other advances 
being the per capita and efficiency curves and dissected 
bar graphs. 

In the treatment of the formula, the pupil is asked more 
frequently to supply letters and to devise the complete 
formula. 

No other part of algebra so develops thought power 
and cultivates an appreciation of the spirit of algebra as 
does the verbal problem. Accordingly, more difficult and 
varied verbal problems are supplied, many being given in 
the inverse form, where the conditions of a problem are 
stated in symbols and the pupil is asked to convert the 
symbolic statement into general language. 

Throughout the book, pivotal and permanently valiLable 
number facts, and laws from other branches of study are 
introduced in various ways. This gives a correlation of 
algebra with geography, history, economics, and oth(9r 

• • • 
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school studies. Also the numerous examples where a 
pupil is asked to reduce units of difTerent orders to a single 
unit constitute a useful preliminary to the study of physics 
and engineering. 

The self -activity of the pupil is aroused and developed 
by examples which require him to invent and solve 
problems to meet given sets of conditions. 
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A SECOND BOOK m ALGEBRA 

BRIEFER EDITION 

CHAPTER I 
FUNDAMENTAL PROCESSES 

1. Some Algebra Which Tou Have Already Learned. 

In a former course in algebra you have learned that by an 
extended use of S3rmbols in dealing with numberS; much 
labor is often saved; and sometimes also results are ob- 
tained which could not have been obtained in any other 
way. It is the object of this second course in Algebra to 
develop these advantages still further. 

First of all; it will be useful to recall to mind some of the things 
learned in the first course in algebra. 

The following illustration will bring to mind one of the first and 
most important ways in which labor is saved by the use of symbols 
in algebra. The rule for obtaining the interest on a given sum of 
money for a given time at a given rate is as follows: Multiply 
together the principal, the rate per cent expressed decimally, and 
the number of years. By the use of 83rmbols, this rule is expressed 
as a formula, thus: i^prt. By this means, the 72 letters in the 
rule are reduced in the formula to 5 symbols. 

Also from t'sprf, we obtain 

. . « 

Express each of these results as a rule. Count the number of 
letters in each of these rules. How many letters are in all four of 
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these rules taken together? Hence, i^prt takes the place of how 
many letters in all? 

EXERCI^ 1 

By use of the formula i^prt, solve Exs. 1-4. 

1. Find the interest on $350 for 2 yr. 6 mo. at 5 per cent. 

2. In how many years will the interest on $250 at 
6 per cent be $52.50? 

3. Find the rate per cent at which the interest on $500 
in 3 yr. 6 mo. is $70. 

4. On a given principal, the interest in 1 yr. 9 mo. at 
6% is $78.75. Find the principal. 

6. In the formula p^br, let p=32 and 5 = 800, and 
find r. State this example as a problem in percentage. 

6. In the formula o = Iw, let a — 903 sq. ft. and w; = 21.5 
ft., and then find L State this example as a problem con- 
cerning the area of a rectangle. 

7. If 40 cu. ft. of a certain kind of coal make a ton, 
find the formula for the numbers of tons (7^ that 'may 
be put into a bin I ft. long, w ft. wide, and d ft. deep. 

8. By use of the formula of Ex. 7, find how deep a 
bin must be to contain 5 tons of coal, if this bin is to be 
10 ft. long and 5 ft. wide. 

9. The formula p = br takes the place of what three 
rules? How many letters are in these three rules? How 
many symbols are in the formula p = &r? Compare these 
two numbers. 

10. Find a formula for the length in feet (L) of a shelf 
to hold a books each h inches thick, b books each t2 inches 
thick, and c books each ts inches thick. 

11. By use of the formula of Ex. 10, find the length in 
feet of a shelf long enough to hold 5 books each 2 in. thick, 
6 books each 1§ in. thick, and 8 books each If in. thick. . 
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EXERCISE 2 

By the aid of symbols, write the following in the shortest 
way you can: 

1. 5 plus X minus a. 

2. The product of 7, x, and y. 

3. X divided by the sum of a and 5. 

4. p divided by the product of q and r. 

6. The product of 5 and a, minus 3 times the product 
of X and y. 

6. The square of a minus b equals the square of a, 
minus twice the product of a and 6, plus the square of 6. 

7. Write three consecutive numbers, the smallest of 
which is n. Also three, the largest of which is n. Also 
three, the middle one of which is n. 

8. Charles has x dollars, and iSenry has 5 less than 
twice as many. How many has Henry? How many 
have both together? 

9. What is the cost in cents of 5 lb. of sugar at p cents 
a pound and 3 lb. of coffee at q cents a pound? Also 
express the cost in dollars. 

EXERCISE 3 

When = 5, 6 = 3, c=l, a; = 6, find the numerical value of 
1. 3a+2(x-c), (x-c)(2b-a) 

2.' (3a+2)(a;-c). ' S(b^+c)-2a' 

„' ^ ^ 6. 7x(5a-4x)-cx2. 

3x2-&2 

a-2c' 7. 3a;(x-a)(a;2-a62+2ac2), 

If a=4, 6=1, c = 0, x = l, y = 9, find the value of 

8. \^2ax. 9. V^x2^. 10. 3 6V6^3^. 

U. 3 cxVa^+bc^. 12. 3xVaby-5x-lf^<P. 
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If a = 1.23, 6 = .56, c = .04, and d = .3, evaluate (that is, 
find the numerical value of) to the nearest thousandth: 

13. 2a{b — c)(a^+d^). ^_ abc . /a . c\ 4:d 

15. -^"3 — r 



\b^d) a 



14. (a+b)^(c+d). M \b dj a+2b' 

16. Find the difference between 6a6a;— 2a6, and 
6 abx-i'2 ab, when a, 5, and x equal 3, 5, and 6, respectively. 

EXERCISE 4 

1. What is a fonnula? Give two examples of a rule 
and the corresponding formula. 

2. Give a definition of Algebra. 

3. What is an algebraic expression? Write an algebraic 
expression containing three terms. 

4. What is a term? Name the three terms in the 
expression which you wrote in answering Ex. 3. Why is 
it customary to regard an algebraic expression as made 
up of terms? 

6. What is a coefficient? Give an example of a numer- 
ical coefficient. A literal coefficient. A mixed coefficient. 

6. What is an exponent? Write a term containing 
both the exponent 2 and exponent 3. 

7. If a letter is written without an exponent, what 
exponent is the letter supposed to have? 

8. Explain the difference between a power and an 
exponent. 

9. By making selections from the following list of 
terms, 5x^, — 3xi/, 7(a— 6), 4a^ SabcP, — 5(x+2/), write 
(1) three monomials; (2) three trinomials; (3) four 
binomials; (4) four polynomials, each of which contains a 
different number of terms from the rest. 

10. What are similar terms? Write two similar terms 
each of which contains the exponent 3« 
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11. Write two terms which are not similar, but each of 
which contains the letters x and y and no other letters, 
and the exponents 2 and 3 but no other exponents. 

12. What are the factors of an expression? What are 
the factors of 15? Of 5 xyt Of 5 x^j/^? ^^^^^ jg meant 
by literal factors? Give an example of a term containing 
three literal factors. 

13. What is meant by the degree of a term? Write a 
term of the 2d degree containing only one letter. Also a 
term of the 2d degree containing two letters. 

14. Write a term of the 3d degree containing two and 
only two letters. Also one of the 8th degree containing 
three and only three letters. 

16. Write a polynomial of the 4th degree containing 
five terms arranged according to the ascending powers of 
some one letter. Rewrite it in the descending order. 

EXERCISE 6 

1. Define negative number. Give three examples of a 
positive number with the corresponding negative number. 

2. Give three events which have negative dates with 
respect to the birth of Christ. 

3. Give three events which have negative dates with 
respect to July 4, 1776. 

4. At a certain place during a given year, the highest 
temperature was 99° and the lowest was — 14°. Find the 
difference between these two temperatures. 

6. The highest point of land on the earth's surface is 
the top of Mt. Everest, 29,002 ft. above sea level; the 
lowest point of dry land is in the valley of the Jordan, 
1290 ft. bsbw S3a level. What is tha diTereace in altitude 
between these places? 

6. Count the nuinber of letters and symbols in the 
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phrase "7 degrees below zero." Also in "— 7^" Com- 
pare the two numbers. 

7. On the foot rule, show the sum of 2 in., —3 in., 
and 7 in. If each inch represents 10 yd., what would this 
example mean in terms of advances in a football game? 

8. Find the algebraic sum of 7f— 2J— Ij. What is 
meant by an algebraic sum? 

9. How much money must be added to —$213 to 
make $920?, 

10. Define algebraic numbers. What is meant by the 
absolute value of a number? What is the absolute value 
of -20 in.? 

11. At a place where a stream was 110 ft. wide, the 
depth of the water was measured at intervals of 10 ft. 
These depths were found to be in feet as follows: 4, 6, 16, 
23, 22, 14, 11, 7, 4, 2. Also 10 ft. from the left shore, 
the height of the bank above water level was 3 ft., and at 
20 ft. from the left shore it was 7 ft. Similarly at 10 and 
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20 ft. from the right shore, the heights of the land were 
5 ft. and, 8 ft. respectively. Make a drawing of the banks 
and the bottom of the stream as determined by these 
numbers. 

SuG. The beginning of the drawing is shown in the above dia- 
gram. Let the pupU complete the drawing. 
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EXERCISB 6 






Add and check each result: 






1. 


2. 


8. 


4. 


S. 


-5 


-3a62 


-2.5 oV 


-4(o-6) 


1«^ 


27 


-5a62 


- 1.7 o^a? 


-7(a-6) 


-iirr" 


-16 


12a&2 


.ga^a? 


(a-b) 


-|»t2 


-3 


-062 


-.3oV 


6(o-6) 


lxr» 


7 


-3 oft* 


.5o2«8 







6. 2 a+6, 3 a— c, 2 6+3 c. 7. ox^y, baj^y, —cx^y. 

8'. i a;-i y+2-i j/+3i «+* x+| x- J 2+J y-3i x 
-7i2+2ij/. 

9. 3 ab+.2 ac+. 75 6c-. 02 a6-.35 ac+.003 6c+.6 a6 
- 7.2 oc. 

10. o3»+5a2»-6a", 4a3«-2a2»+3 a», -2a3»-a*»+ 
3o». 

11. 2n-l and 3-n-2n2. 

12. Reduce 5oa665— 3 aa666— 7aa666+8aa655 to its 
simplest fonn. Compare the number of symbols in the 
two forms. 

13. Add in the shortest way 6J-3i+i+2i+4i-3. 
Make up and work an example involving 16th's and 4th's. 

14. Add 5h+3t+u, 2t+Su, 2h+u. If h means 
hundreds, t tens, and u units, express the example as an 
addition of arithmetical numbers. 

15. Where x=3, and y = 5, find the value of Sa^y— 
9x^y+Q7^y—2x^y, (1) without first adding the terms; 
(2) after adding the terms. Compare the amount of work 
in the two processes. What does this comparison teach 
us as to the efficiency value of addition in algebra? 

16. Make up and work an example in which three bi* 
Domials and two trinomials are added together. 
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EXERCISE 7 

Subtract and check each result: 

1. 2. 3. 4. 

a2-3a6+2b2 9(x-j/) -7y/a^ a+h 

3a^-5ab-'71P -2(x-y) Va^ b+c 

6. 6. 7- 

{2a-3b)x {a+b-c)x (3a-2 6-c)T/ 

(a+b)x (b+c—a)x (5a—2b+d)y 

8. Subtract 2 a+b from 3 a+c. 

9. From n — 2 subtract 3. 10. Subtract bx^ from a7?, 

11. Subtract (a^ - 2 a5 +62)x from (a^ - b^)z. 
Find the expression which must be added 

12. To 2 a— 3 6 to make 5 a— 7 6. 

13. To3o2-2a+l tomake7a3-2a2-3. 

14. To x2»+5 x^+7 to make 8 a^» - 3 x» - 2. 

15. From the sum of 3a+5 6 — 2 c and 7 a— 2 6+5 c 
subtract their difference. 

16. From the sum of {5a—3b)x and (2 a— 5 6)x sub- 
tract their difference. 

If il =3 x2-2x+5, 5 = 5x2-7, C = 3a;-2, find 

17. A+B-C. 18. B-A-C. 19. C-A-B. 

20. If Rome was founded in the year —753 and cap- 
tured by the Goths in the year +410, find the number of 
years between these dates. 

21. Hydrogen melts at a temperature of —256® C. and 
ammonia at —34° C. Which melts at the higher temper- 
ature? Find the difference between the two temperatures. 

22.^Bubtract 2h+3t+5u from 7h+5t+&u. If h 
means hundreds, t tens, and u units, express this example 
as a subtraction of arithmetical numbers. 
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23. What is the parenthesis sign? Write three symbols 
which may be used instead of the parenthesis sign. 

24. What is the meaning of the parenthesis sign? Give 
an example showing its use. 

Siniplify: 

26. 15-(-6.4) + (-5.8). 26. 2.7 +{.4 -(3.07 -.015)}. 

27. 5a;+{-2x-(.3x-2.5)-4.7}. 

28. 6a2-[(3a-5)-7a2]-(2a2-7). 

29. In 7 X— (3 a--2 b+c) what is the sign of 3 a as the 
example stands? 

In the next four examples, inclose the last three terms in 
a parenthesis preceded by a minus sign. 

30. 3x2-a2+2a6-62, 31. 5 ^^1^2 a-a^. 

32. 5a^+2x^—3xy—y^. 33. 7 a— 3 6— 4 c— x+y. 

34. State which of the following are identical with 
x-y; viz., 2/-X, -{x+y), -{-x+y), -y+x. 

36. Make up a similar example concerning x+y—z. 

36. Make up and work an example in which a tri- 
nomial is subtracted from a binomial. 

EXERCISE 8 

1. Solve the equation 8 x — 72 = 3 x+23, (1) without 
transposition of terms; (2) using transposition. 

2. What does the word transposition mean as used in 
algebra? What are the advantages of employing transposi- 
tion in solving equations? When are the advantages in 
the use of transposition most apparent? 

Solve and check: 

8. 5x-.108 = 1.4«. 4. 5x-(2x-3)=6. 

6. 10-(3x-5)-[8-(7x+2)] = 0. 

6. 14x-[22.4+(58.8-16x)] = 2.5. 
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7. llr=42.9-[-(3r-38.4)+6.5]. 

8. Give a definition of an equation. 

9. What is a root of an equation? Is 2 a root of the 
equation, 5ic + 4 = 7a:— 3? What is its root? 

10. What is meant by solving an equation? 

. 11. Does —.2 satisify the equation 3x— 1.5— (z— 4) 
= 8.2? 

EXERCISE 9 
Oral 

1. Express each of the following statements in symbols: x 
exceeds ^ by 3; (2) x is greater than y by 3; (3) y is 3 less than 
x; (4) X equals y increased by 3; (5) y equals x diminished by 3. 
How many of the preceding statements express the same fact? 

2. In four different ways express in words a— 6=4. 

3. The dimensions of a given rectangle are x and y. State the 
dimensions of a rectangle which exceed those of the given rectangle 
by 40 %. . 

4. A man bought a house for x dollars and sold it so as to gain 
a dollars. For how many dollars did he sell it? What per cent 
did he gain? 

6. At a cents a yard, how many yards of calico can be obtained 
in exchange for b dozen eggs worth c cents a dozen? 

6. State the interest on 2 p dollars at r per cent for 3 1 years. 

7. What is the cost of a articles bought at c cents per hundred? 

8. If X represents a man's present age in years, what does 
» — 10 represent? z — 5? 2 a;? 

9. If c represents the cost of 1 pound of sugar, what does ^ 
represent? 

10. If X and y are the dimensions of a rectangle, what does 
(x— 2)(y— 3) represent? 

11. If a man bought a house for h dollars and sold it for s dollars, 
what does s—b represent? 
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12. A man had a journey of 150 mi. to go. He has now 
traveled for h hours at m miles an hour. What is the meaning of 
150 -Am? 

13. A boy has m marbles. He loses f of these and then buys 
f as many as he had at first. How many does he then have? 

14. A train runs m miles per hour. How far will it go in c 
minutes? 

16. Find the difference in area between a surface a feet square 
and one containing a square feet. 

EXERCISE 10 

1. Four partners together made $28,500 in one year. 
The first partner received $2500 more than the third, 
the second $1000 more than the third, and the fourth 
twice as much as the third. How much did each receive? 

Sua. NUMBERS DEALT WITH SYMBOLS 

Number of dollars received by first partner =a;-f-2500. 
Number of dollars received by second partner =xH-1000. 
Number of dollars received by third partner =a;. 
Number of dollars received by fourth partner =2 x. ' 

Number of dollars received by all together =28,500. 

EQUALITY AMONQ NUMBERS 

Sum of first four numbers = last number. 
Let the pupil complete the solution. 

2. Two girls made $61.80 by keeping a refreshment 
stand. The girl who supplied the materials received $20 
more than the other. How much did each receive? 

3. A man and a boy together made $106 from a garden. 
The man received $25 more than twice what the boy re- 
ceived. How much did each make? 

4. Three partners together made $13,000 in one year. 
The first received twice as much as the third, and the 
second received $1000 more than three times as much as 
the third. How much did each receive? 
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6. Find four consecutive numbers whose sum is 74. 

6. In a certain kind of concrete the parts of cement, 
sandy and gravel are proportional to 1, 3, 5. How many- 
cubic feet of each are needed in making 1800 cubic feet of 
concrete? 

7. One number exceeds three times another number by 
.23. The sum of the numbers is 1.04. Find the numbers. 

8. In a certain election 957 votes were cast. The 
successful candidate came within 18 votes of receiving 
twice as many as the defeated candidate. How many 
votes did each receive? 

9. If three times a certain number is increased by 17 
the result is 6 less than four times the number.. Find the 
number. 

10. For every dime of his savings that a boy spent for 
books his father gave him a quarter to spend for the same 
purpose. If the boy spent $78.75 in all, how much did 
his father give him? 

11. By what number must c+d be multiplied in order 
that when b is taken from the result, the remainder will be 
c—d. 

12. The perimeter of a rectangle is 176 in. The length 
is 8 in. less than three times the width. Find the area of 
the rectangle in square feet. * 

2. Example in Multiplication. 

Ex. Arrange and multiply 3i?—2a?+3a^x by 2a^+x^ 

x8+3a2»-2a3 =2 

3?- ax +2 a? =2 

xs -\-Z a^3? -2 a?3? 

-ax* -3a3«2+2a«a; 
-\-2a?3^ +6 g*x-4 o» 

Product, x^— ox*+5oV— SoV+Sflf**— 4o'=4 
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3. Law of Exponents in Multiplication. 

By definition of a power, a^Xo? — {(i*a*a*a*a)(a'a)—c?. 

Similarly, when m and n are any positive whole numbers, 
a^Xa^^{fl*a*a ... to m factors) (a ^a -a .... to n factors), 
^a-a^a ... to {m+n) factors = a** +*. 

Hence, a^Xa^-a^^'^. 

Ex. Multiply 3x^»-» by 4 a:"+». 

Since 2n— 3 and n+5 added, give 3n+2y 
the product is 12 a;'""*"^. Am. 
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1. 

4x2 
.2x3 


2. 

2-1 

23 


S. 4. 

ox»-' 3aV-i 
3» — 4ox* 


8. 

— 5o2/"~' 

.2oV"' 


6. 

x* 
x" 



Multiply and check the following, arranging the terms 
of each polynomial in ascending or descending order: 

7. 3x+lbyx+2. 8. 3 x+4y by 4«-5y. 

9. x2-3x +1 by 2x-3. 

10. 3 o2-4 ax+3p by 2 o-3 x. 

11. 2y^-4f+y-lhy2y-5. 

12. 4x2+x-2 by Sx^-x-S. 

13. 2 x3+3 x2y-4 xif»+j/3 by 3 x^+yS. 

14. 5x8+x-5 by 3x2-2x-4. 

16. 4a8+2a26-63by3a3-o62+68. 

16. 2 x*-4 x3+3 x2-2 x+1 by 1+2 x+x*. 

17. 3 x2+ 6x+x3+15 by l+x2-3 x. 

18. ia2+ia6+i62byio-i6. 

19. 1.2x2+1.5x+6.4by 2.4X-3. ■ 1 

20. 1.8o2-3.2o+.48by 2.5 0+.5. 

21. a»+2o"-'+3o"-*by 3o2-2o+5. 
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22. x»+i-3x»+4x»-*-5x«-2byx«+2x»-^ 

23. 4x'»+^-3x»+x"-^ by x2+2x+l. 

24. What different ways are there of checking a result 
in multiplication? 

Multiply and check each result: 

26. 5(x+t/)2-4(x+z/)+2by 3(a;+2/). ^ ::;: 

26. 5(a;-2/)2+3(a;-!/)-2by 2(x-i/)-5. 
Simplify and check: 

27. a-2(a-3). 80. (3 x-2)(5 x2-3 x-2). 

28. (a-2)(a--3). 31. (3 x+S){x+y)-y. 

29. 3a;-2(5x2-3x-2) 32. x--2(x-3)(x-5). 

33. 5-3(a-2)2-2(3-2a)(l+a). 

34. 3a2— [x(a— x)— a(x— a)]— 2x2. 

36. 3[x(.2-x)-.5(x-4)]-1.6x2, 

36. In the shortest way, multiply the sum of (x— 2j/)2 
and (2 x-y)^ by 3 x-2(x-i/). 

If x = 3, y = 0, a= —2, 6= —5, find the value of 

3*7. V^y+3a(a-b). 38. 4a2-ax2/(4a-6). 

39. 2ia^+b)-bxy+a?x. 

40. 3x(x-2a)-{x-(x-l)(a+l)-(a+x)2}+5<ix. 

41. From 3 times the product of x+5 and 3 x— 5 sub- 
tract 5 times the product of 1—2 x and 2 x— 3. 

Solve and check: 

42. 3x2-2(x+l)(x-6) = (x+3)(x-l). 

43. (5-3x)(3+4x)-(7+3x)(l-4x)+l=0. 

44. 2[x+x(x-3)+l]-(2x+5)(x-l)=0. 

46. 4(28.5-3 x)-3(2x-11.3)+4.5 = 2(48.7-5x) -3.4. 

4. Example in Division. 

Ex. Arrange and divide 11 x— 3x2— 6+6 x^+Tx^ by 
3«-2+2x2. 



• A 



FUNDAMENTAL PROCESSES 15 

Dividend Divisor 



6 a;*+7 a;«-3 a;»+ll x-6 [2£»+3x--2 = 15+3 
6x*+9x*-6x^ 3x«- x+3= 5 



-2a:3+3.»+llx-6 q^,^ 
-2x»-3x«+ 2x 



6x«+ 9a;-6 
6x*+ 9x-6 



6. Law of Exponents in Division. 
If m is greater than n, by § 3 

or, a"*""Xa" = a*". 

Dividing each of these equals by a", 

Ex. Divide 12 a^"-^ by 3 ^m-i 

W-r=4a«-^ Qm>timt. 

EXERCISE 12 

Divide and check: 

1. -30 3?y^ by -6 z^y, 4. 15 ar^»+« by -3 af'\ 

2. .4 ax2 by .8 x2. 6. 2 a2x~+» by ax». 

3. S-a^** by 2 a**. 6. a~+^ by a~+«. 

7. -1.4(a-6)«by -7(a-6)3. By -2(a-6)*. 

8. a«« by a^". By a^". By -a». 

9. -60"+^ by 20"+ ^ By a"+^ By -3a"-^ a^"-», 

10. 6 3i?-19T^y+2lxy^-10y^hySx-5y. 

11. 2x5_5a4_2x3+9x2-7a;+3by2x2+x-3. 

12. a?+Sfhyx+2y. 13. 16a4-lby2a-L 
14. 4a2+62+x2-4a6+4ax-2 6xby 2a-6+x. 
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15. i a? - 17f x+2 by i x+f . 

16. a^-i^+Ux'-^x+^hyx'-ix+i. 

17. .la2-.23o6+.12 62by .2a-.3 6. 

18. 4.5x3-7.1a^2-.4a;+.24by 1.8x2-3.2x+.48. 

19. x»+^-x»-*-6a:*-"*-2a;+4by x-2. 

20. 6a?»+^-13V*+6a?»-^ by 3x»+^-2af. 

21. Mak^ up and work an example in which a binomial 
of the third degree is divided by a binomial of the first 
degree without a remainder. 

Divide: 

22. 12(x+2/)*-8(x+j/)3-16(x+2/)2 by 4(x+2/)2. 

23. 9(a-6)S-12(a-6)3+15(a-fe) by 3(a-6). 
If x = 0, y = 2, z= —3, cr=l, find the value of 

24. 3a^y. 5xSah 30. y+5x, 

2o. z • 

26. 3a^x. 4 x 

26. 5+a^x. Sa^y+i^ * « 

27. 4x^z+5as^^ ' x+y * 32. xz^+5ofi. 

EXERCISE 18 
Oral 

1. How many cubic feet are in a box I feet long, w inches wide, 
and d inches deep? 

s 

2. How many feet are in the circumference of a circle whose 
radius is a inches? How many square feet in the area of the circle? 

3. How many square feet are in the surface of a cube whose 
edge is i inches? 

4. If the area of a rectangle is r square feet and the rectangle 
in I inches wide, express the length of the rectangle in feet. 

5. The volume of a box is to be c cubic feet. If the top of the 
box is a square whose side is a inches, express the depth of the 
box in feet. 

6. If the edges of a box are I, w, and h feet, express the sum of all 
the edges. Express also the area of the surface, omitting the top. 
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7. Four boys share equally a pounds and b ounces of candy. 
How many ounces does each receive? 

8. A building lot is x feet square. How much will it cost to 
fence it at h cents a yard? 

9. Find the value in dollars of a block of marble, m feet square 
and X feet high^ at c cents a cubic foot. 

10. How many square yards are in the surface of a wall I feet 
long and h feet high, if d square feet are deducted for door and win- 
dow spaces? 

11. If a cistern contains g gallons of water, and a quarts per 
minute run into it, how many gallons will it contain at the end 
of an hour? 

12. A boy had d dollars and spent c cents a day. How many 
dollars did he have left at the end of t days? 

EXERCISE 14 

1. Allowing 34 sq. ft. for a roll, find a formula for the 
number of rolls (r) of paper required to cover the walls 
and Ceiling of a room whose dimensions are Z, w, and h feet, 
if d square feet are deducted for doors and windows. 

2. If 7^ gallons be taken as equal to one cubic foot, and 
the dimensions of a rectangular cistern are a, b, c feet, 
find a formula for G, the number of gallons the cistern will 
hold. By use of this formula solve Ex. 3. 

3. If a cistern is to be 8 ft. long and 6 ft. wide, how 
deep must it be to hold 204 gallons? 

4. If a house whose value is h doflars is insured for 
the a/&th part of its value, and the insurance rate is r, ob- 
tain a formula for P, the insurance premium. 

6. If a man's salary the first year is a dollars and he 
receives an increase of b dollars a year, obtain a formula 
for his salary (s) at the end of t years. 

6. If a man's salary the first year is $1500 and he 
receives an annual increase of $125, how many years will 
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it be before his salary is $3000? Solve by use of the 
formula obtained in Ex. 5. 

7. If two cars start at the same place and move in 
opposite directions at the rate of a and h miles an hour 
respectively, obtain a formula for D, the number of miles 
they will be apart in t hours. Make up and solve a numer- 
ical example by use of this formula. 

8. The rule for determining the length of time a beef 
roast should be cooked is as follows: to 20 minutes add 
one-quarter of an hour for each pound in the roast. From 
this rule, obtain a formula for the number of hours (ff) a 
roast weighing n pounds should be cooked. 

By use of this formula find the number of hours a roast 
weighing 11| lb. should be cooked. 

9. A man had n children, and left real estate worth r 
dollars and personal property worth p dollars, the property 
as a whole to be divided equally among the children. Find 
a formula for l, the property inherited by each child. 

Illustrate the use of this formula by a numerical example 
composed by yourself. 

10. Express the relation between divisor, dividend, 
quotient, and remainder, using d, D, q, and r to represent 
these quantities respectively. 

11. Choosing your own letters, by use of them express 
the relation between minuend^ subtrahend, and remainder. 

12. In making coffee, the rule is to allow one table- 
spoonful for each person, and one for the pot. Formulate 
this rule, using suitable letters. 

EXERCISE 16 

1. On Feb. 1, 1919, and Feb. 1, 1920, at the same place, 
the temperatures at two-hour intervals were as follows: 
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2 a.m. 


4 A.M. 


6 a.m. 


8 A.M. 


10 A.M. 


Noon 


Feb. 1, 1919 


14° 

-6° 


12° 

-8° 


13° 

-8° 


16° 
-5° 


22° 
1° 


24° 

7° 


Feb. 1, 1920 







2 P.M. 


4 p.m. 


6 p.m. 


Sp.m. 


10 P.M. 


Mid- 
night 


Feb. 1, 1919 

Feb. 1, 1920 


25° 
12° 


23° 
10° 


19° 

7° 


15° 

4° 


10° 
1° 


8° 
-3° 





Graph the two sets of 
temperatures on the same 
diagram. 

The beginning of the dia- 
gram is shown at the right. 
Let the pupil complete the 
two graphs. 

In the construction of 
the following graphs, let 
the pupil determine 
whether each graph should , *^ 
be a smooth curve or a t*"* 
broken line. 

2. At the same place 
on Jan. 15, 1919, and 
Jan. 15, 1920, the temperatures at three-hour intervals 
were as follows: 






3 a.m. 


6 a.m. 


9 a.m. 


Noon 


3 p.m. 


6 p.m. 


9 p.m. 


Mid- 
night 


Jan. 15, 1919 

Jan. 15,1920 


9° 

-5° 


12° 

-7° 


15° 

-2° 


17° 
3° 


18° 

7° 


15° 
5° 


14° 
2° 


12° 
-3° 



Graph these two sets of temperatures on the same dia- 
gram. From the graph determine on which pf the two days 
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the difference between the highest and lowest temperatures 
was the greatest. 

3. At a given place on Aug. 4, 1919, and Aug. 4, 1920, 
the temperatures at one-hour intervals were as follows: 





• 
• 


• 


• 
■ 


• 
• 

•4 


• 

• 

•4 


1 


• 


• 


• 


• 


• 

91 


• 

91 




< 


< 


< 


o 


^ 


o 


A< 


(^ 


0* 


01 


0. 


•• 




t» 


00 


a» 


76° 


^H 


s 


*H 


e« 


CO 

74° 


86° 


87° 


81° 


Aug. 4, 1919 


62° 


66° 


70° 


80° 


86° 


92° 


85° 


Aug. 4, 1920 


59° 


63° 


67° 


72° 


77° 


85° 


89° 


91° 


87° 


84° 


78° 


74° 



Graph these two sets of temperatures on the same dia- 
gram. 

On one of the two days a thunderstorm occurred in the 
afternoon. From an examination of the two graphs, 
determine on which of the two days the storm occurred. 
At what time on the two days were the temperatures the 
same? 

4. The following Vere the mean or average tempera- 
tures at New York and San Francisco for a long period of 
years: ^ 





• 

5 

31° 
50° 


• 

a 

Em 

31° 
52° 


fH 

• 

« 

35° 

54° 


vH 
< 

42° 
55° 


< 

54° 
57° 


1-4 

M 
!R 
P 

•-> 

64° 

58° 


vH 

71° 
58° 


fH 

• 

o 

p 

< 

73° 

59° 


IH 

H 
QQ 

69° 
60° 


»H 

• 

1 

61° 
59° 


•H 

• 

> 

o 
Z 

49° 
51° 


• 

Q 

39° 
56° 


New York 


San Francisco 



From the graphs of these two sets of temperatures, 
determine as closely as you can on what dates the mean 
temperatures of the two places are the same. 

Which of the two cities has the more uniform tempera- 
ture? What is the extreme range of temperature in each of 
the two cities? 

6. A boy's savings in the months of two successive 
years were as follows: 
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Jan. 


Feb. 


Mab. 


April 


Mat 


JUNB 


First yeax 


$2.00 
3.50 


$2.75 
3.10 


$2.10 
3.40 


$2.42 
2.93 


$2.80 
3.15 


$3.12 
3.75 


Second year 






July 


Aug. 


Sbpt. 


Oct. 


Nov. 


Dec. 


First year 


$4.25 
8.90 


$4.17 
12.40 


$3.76 
6.21 


$4.15 
5.20 


$3.89 
4.15 


$2.78 

3.17 


Second year 





Graph these two sets of num- 
bers on the same diagram. Also 
on this diagram, construct a third 
graph showing the increase of 
savings in the second year over 
the first year. The beginnings of 
the three graphs are shown on 
the diagram at the right. 

In the summer of the second 
year the boy worked on a farm. 
How is the result shown on the 
diagram? ^ , 

6. For the different months 
of a certain year, the expendi- ^q\ 
tures and receipts of a certain 
business were as follows in dollars: 




Expenditures. 

Receipts 

Net Profits . . 



Jan. 


Feb. 


Mab. 


Apbil 


Mat 


June 


$810 

1024 

214 


$790 
1170 

380 


$820 
1220 


$872 
1380 


$850 
1460 


$890 
1570 



Expenditures. 

Receipts 

Net Profits . . 



July 


Aug. 


Sept. 


Oct. 


Nov. 


Dec. 


$920 
1320 


$950 
1603 


$921 
1727 


$874 
1629 


$882 
1548 


$923 
1276 
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Let the pupil fill in the vacant spaces. 

In constructing graphs of these three sets of numbers 
(on the same diagram), let each space on the vertical axis 
represent $200. 

A convenient method of determining the vertical axis scale for 
numbers like the above is the following. If, for example, only 
12 spaces are available on the vertical axis, divide by 12 the 
largest number to be represented, and take some convenient 
number larger than the quotient as the number represented by 
.one space. Thus, in this example: 1727-5-12=144"". Hence, let 
one space represent $200. 

7. The following table gives (in number of thousands) 
the population of New York and Chicago at ten-year 
intervals: 



YlAR 


New York 


Chicago 


Year 


New York 


Chicaqo 


1800 


60 




1870 


942 


299 


1810 


06 




1880 


1165 


503 


1820 


124 




1890 


1441 


1100 


1830 


202 




1900 


3437 


1699 


1840 


313 




1910 


4767 


2185 


1850 


516 


30 


1920 






1860 


814 


109 


1930 







Graph these numbers on the same diagram. Let each 
space on the vertical axis represent 200,000 population. 

How do you account for the sudden increase in the 
population of New York between 1890 and 1900? 

8. The following table gives the amount of $1 at 
simple interest at 6%, at compound interest at 3J%, and 
also at compound interest at 6%, for 5, 10, 15, etc., years. 
Graph these results on the same diagram. 

From the diagram, determine as exactly as you can, 
the number of years when the amount of $1 at 3^% com- 
pound interest equals that of $1 at 6% simple interest. 
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Also when the amount at 6% compound interest is double 
the amount at simple interest. 



Years 





5 


10 


16 


26 


25 


30 


35 


Amount at 6% Sim- 
















ple Interest 


$1 


$1.30 


$1.60 


$1.90 


$2.20 


$2.50 


$2.80 


$3.10 


Amt. at 3i% Com- 


















pound Interest . . . 


$1 


1.19 


1.41 


1.68 


1.99 


2.36 


2.81 


3.33 


Amt. at 6% Com- 


















pound Interest . . . 


1 


1.34 


1.79 


2.40 


3.21 


4.29 


5.74 


7.66 



Year 



1890 
1895 
1900 
1905 
1906 
1907 
1908 
1909 
1910 



EXPOBTS 



857 
825 
1478 
1627 
1798 
1923 
1753 
1728 
1866 



Imports 



823 
802 
829 
1179 
1321 
1423 
1116 
1476 
1563 



Year 



1911 

1912 
1913 
1914 
1915 
1916 
1917 
1918 
1919 



Exports 



2092 
2399 
2484 
2114 
3547 
5482 
6228. 
6125 
7022 



Imports 



1532 
1818 
1793 
1789 
1779 
2392 
2953 
3050 
3904 



9. The adjoining 
table gives in mil- 
lions of dollars the 
exports and im- 
ports of the United 
States for the years 
specified. Make a 
graph of the exports 
and also of the im- 
ports on the same 
diagram. (Liet each 
space on the vertical axis stand for 500 millions of dollars; 
let each of the first three spaces on the horizontal axis 
stand for 5 years, and each space after that for 1 year.) 
Also on the same diagram, construct another curve 
showing the excess of exports over imports. How do you 
account for the great increase of exports over imports 
during the years 1914-1919? 



EXERCISE 16 
Review 

1. Add 7 a»-3 ab, 5a«, 3 a6-7 6», 16 a»-6«-7 ab. 

2. Simplify 5.8 p«-[8.2p*-(p«-.4)+.06]. 
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3. One number exceeds another number by 12, and three times 
the smaller number exceeds twice the larger number by 18. Find 
the number. 

4. Find a formula for the number (B) of bricks, each a"X&", 
required in making a pavement I feet long and w feet wide, if 5 
per cent be added as an allowance for breakage. 

6. The populations (in hundred thousands) of Illinois, New 
York, and Virginia at ten-year intervals are given in tHe following 
table: 



Year 


1800 


1810 


1820 


1830 


1840 


1850 


• Illinois 




• • • • 

9.6 
9.7 


.5 
13.7 
10.7 


1.6 
19.2 
12.1 


4.8 
24.3 
12.4 


8.5 
31.0 
14.2 


New York 


6.9 
8.8 


ViriEinia 





Year 


1860 


1870 


1880 


1890 


1900 


1910 


Ulinoiiif ,,,,,,.-. ^ 


17.1 
38.8 
16.0 


25.3 
43.8 
12.3 


30.8 
50.8 
15.1 


38.3 
60.0 
16.6 


48.2 
72.7 
18.5 


56.4 
91.1 
20.6 


New York 


Virginiii .' , 





Graph these facts as three curves on one diagram. 

From the graphs determine as accurately as you can the year 
in which the population of New York State equaled that of 
Virginia. Also that in which the population of Illinois equaled 
that of Virginia. 

6. Solve and check 5[2(a;+l)-(x+3)]-3{x+2(6a;-15)} =0. 

7. Subtract the product of — 5 d and 4 a from the product of 
—6a and —8a. 

8. Add the numbers 496, 5b8, 492, 501, 509, 492. 500-4 
Then add the set of numbers equivalent to these as 500+8 
tabulated at the right. 500^8 

Which method of getting the required sum is easier? 500+1 
How is the efficiency value of negative number illus- 500+9 
trated in this comparison? 500—8 

(This process is also interesting since it was in con- 
nection with it that the minus and plus signs were invented. This 
occurred in the dty of Nuremberg, Germany, near the year 1489.) 
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9. The followingJ;abulation gives (in thousands of dollars) the 
monthly revenues and expenses of a certain business during a 
certain year. 



Month 



Revenue 

Expenses. . . 
Net Income, 



Jan. 


Feb. 


Mar. 


Apbil 


Mat 


JUNB 


18 


21 


19 


23 


24 


20 


12 


13 


10 


11 


18 


21 



Month 



Revenue 

Expenses. . . 
Net Income, 



July 


Aug. 


Sbpt. 


Oct. 


Nov. 


Dec. 


18 


19 


24 


27 


31 


32 


24 


20 


17 


11 


13 


14 



Let the pupil fill in the figures for net income and then make a 
graph of the three sets of figures on one diagram. 

10. Explain the difference between an identity and an equation. 
Give an example of .each. Also state which of the following are 
indentities and which equations: 

(1) (a;+4)(jr-4)=x«-16. (3) (x-3)(«+5)=x»+2a;-15. 

(2) (x+4)(x-4)=a;«-2x. (4) (x"Z){x+5)=xK 

(5) (a+6)(a-6)=a«-6». 

11. Two cars start 200 miles apart and move toward each other 
at the rate of a and h miles per hour, respectively. Find a formula 
for the number of miles (M) they will be apart at the end of t hours. 

Also find this formula if the cars start d miles apart. 

12. A man walked 15 miles, rode a certain distance, and then 
took a boat for twice as far as he had previously traveled. 
Altogether he went 120 miles. How far did he go by boat? 

13. Multiply 3x^-5.2 x+6 by .4 x-.5. 

14. At a certain distance (a feet) below the earth's surface, 
the temperature of a' coal mine was 78*^. After that the tem- 
perature increased 1** for every 50 ft. of increase in the depth of 
the mine. Obtain a formula for the temperature (7^) at a depth 
of d feet. 
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16. Subtract pz^+qxy^ry* from ax«— 3 y«. 

17. Separate 4800 into three parts, such that the second part 
m three times the first, and one-half of the third part exceeds the 
second by 400. 

18. After proceeding a certain distance, a steamer had a tons 
of coal left and was using b tons of coal a day. Find a formula 
for Tf the number of tons of coal left in the steamer d days later. 

In this formula find the value of T when a =842, 6=62, and 
ri»4. Also when d» —4. What is the meaning of this last result? 



19. InL 



rii^w 



, find the value of L when n=60, f =3.4, d=42. 



and w»623, (Use cancellation.) 

20. Ck)py the following tabulation and fill in the vacant places 
with the needed rule or formula: 



Sdbjsct 


Bbxcf Ruls 


Formula 


Percentage 




6=? 

r 


Area of triangle 




A^ibh 


Circle 


Diameter = circumference -s-r 




A^ea of trapezoid 




A^i{bi-y)h 


Motion of body 


Distance « rate X time 




Cubic yd. in cellar 
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Circle 


Area of circle »ir times radius 
squared 




Interest 


Rate - (interest) + (principal 
Xtime) 





CHAPTER II 

ABBREVIATED MULTIPLICATION AND DIVISION; 

FACTORING 

Abbreviated Multiplication and Division 
6. Cases I, II, and m of Short Mtiltiplication. 

I. (a+6)2 = a2+2ab+62. 

Ex. (4x«+3 2/)«=16x*+24x^+9y«. Product. 

II. (a-6)2 = a2-2a6+62. 

Ex. (3a;«-*-2 Ji/"+^)*=9x2"-2-12xV"^*-Hxy*+^ Product 

III. (a+6)(a-6)=a2-62, 

Ex. ix+y"2z){x-y+2z)^lx+{y''2z)] [x-(y-2 2)I 

=a;«-(y-2 2;)« 
»x*— (y«— 4y«+4 2«) 
=x*— y«+4y2— 42". Product. 

EXERCISE 17 

At sight write the product of 



1. 


(3 x+4 o)2. 


9. 


(.60 -.04 62)*. 


2. 


(3 x-4 ay. 


10. 


[(a+6) - (x+y)P. 


3. 


(fp-i«)^ 


11. 


1032. 


4. 


(lOxyS+l)''. 


12. 


99.82. 


6. 


[(a+a;)-5]2. 


IS. 


(r'+9)(a:3-9). 


6. 


(x-o-6)2. 


14. 


(.4a!-.05)(.4x+.05) 


7. 


(3«»-5j/"-»)2. 


16. 


(o+6+2x)(a+6-2a;). 


8. 


(3x-2y+3 2)2. 


16. 


(2x»+5jr)(2a:»-5jr). 


17. 


(o"+»+i6"-»)(o»+»- 


-J 6" 


-»). 19. 96X104. 


18. 


997X1003. 




20. 9.7X10.3. 



21. [(2x-l)+!/][(2x-l)-y]. 

27 



28 
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22. [4+(x+p)][4-(x+p)]. 

23. (4+x+p)(4 — X— p). 

24. (2x+3j/-5)(2x-3 2/+5). 

26. {x^+xy+y^)(x^-xy+y^). 

26. Multiply a+2 6-3 x by a+2 5+3 x by long multi- 
plication. Also by short multiplication. Compare the 
amount of work in the two processes. 

7. Cases IV and V of Short Multiplication. 

IV. {x+a){x+b)^j?+{a+h)x+ah 

Ex. (x+3 2/)(x-2|/)=x«+xy-6y«. Product. 

V. (ax+6)(cx+d)=acx2+(ad+ftc)x+6d. 

Ex. (3x+5)(2i-7)=6x«-llx-35. Produd. 



EXERCISE 18 



At sight write the product of 

1. (a;+3)(x+5). 

2. (p2+.4)(p2-.l). 
8. (p2g2_5a)(p232+3a). 

*• (y-«)(j/+6). 

5. (x-7)(3x+4). 

6. (2a!2-3j/3)(4jg2_7y3), 

7. (2x-.3)(4z-,5). 

8. (7a^-3ijr^)2. 

9. (o2+3x)(o2— 5x). 

10. (a^+»-a^-»)2. 

11. '(a!2+2a^»-»)2. 



26. 



12. (y+f)(y-i). 

13. [(a+6)+7][(a+6)-3]. 

14. (o+.26)(2o-.3 6). 
16. (Jx+f o)(f «-io). 

16. (2x-.3)(2x+.3). 

17. (3 ox»-2 o»-*)2. 

18. (-2x+3y)2. 

19. (-a-6)(-a+6). 

20. (x+y+5)(x+y-5). 

21. (x+j/+5)2. 

22. (x+y+5)(x+y-3). 

23. (4o2+2ax+x2)(4o2-2ox+x2). 

24. (9o2+3o+l)(9a2-3o+l). 

9952. 26. 995X1005. 27. 100.3X99.7. 
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Simplify the following, using methods of abbreviated 
multiplication as far as possible: 

28. (x+2/)2+(x-y)2. 29. (3 x-2/)2-(3 x+y)^. 

80. (3x-l)2-(3x+2)(3x-2). 

81. (5a-36)(2a-5)-3(a-5 6)2+(a-5 6)(a+46). 

82. (a+6+c)(a+6-c)-3(a-c)2-(&+c)2. 

88. Why is it that the value of (2 x— 3 yY is the same as 
that of (3 J/— 2 x)2? Make up two similar expressions that 
have this property. 

Compute in a short way: 

84. The area of a field 104 rd. long and 96 rd. wide. 
86. The cost of 51 yd. of cloth at 49 cents a yard. 

8. Division of Sum or Difference of Two Cubes. 

By actual division we can obtain, 

^i^=a2-a6+62, and ^^=a2+a6+62. 

Hence, in general language, 

The sum of the cubes of two quantities is divisible by the sum 
of the quantities^ and the quotient is the square of the first 
quantity, minus the product of the two quantities, plu^ the 
square of the second quardity; also 

The difference of the cubes of two quantities is divisible by 
the difference of the quantities, and the quotient is the square 
of the first quantity, plus the product of the two qv^rUities^ 
plus the square of the second. 

8x3~27t/3 _ (2x)3-(3y)3 
"^^ ^' 2x-3y 2x-3y 

= (2x)2+(2x)(3y) + (3y)2. 
=4 x^+O xy+9 ifi. Quotient, 
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Ex. 2. (|l^=(a-6)2-3(a-6)+9 

= a2-2a6+62-3a+36+9. Quotient. 
Let the pupil check the work in these examples. 

EXBRCISB 19 

Write at sight the quotient for each of the following and 
check each result: 

^+8 . 1+8 3fl 3*+^ 

^ 0+2* 1+2x2- '• x2+y2- 

a^-1 125 -»» .008a^-i/« 

X— 1 5— ar .2x— 2/ 

. 27x^-64 ^ 27 a<>+|/i2 ^a^+^b^ 

*• 3x-4 • ^' 3a2+j^- *• |a+J62 • 

10. Divide 8 0^+27 6^ by 2a+3 6 by the method of 
long division. Now write out the same quotient by the 
method of § 8, p. 29. Estimate how much of the labor of 
division is saved by using the second method of obtaining 
the quotient. 

Obtain in the short way the quotient for each of the 
following: 

"•. c+(l-x)- "• 3 7^+5 f • . 

"' 2-(x+2/)' "• (a-l)-x2- 

Write the binomial divisor and the quotient for 

15, §1^::^= 17. ii:64^= 19. ?^+^= 

16. 8^=27^= 18. 8^±1= 20. 5!!±1^' = 

21. Find the difference in value between z?+y^ and 
(x+y)^, when a; = 2 and y=3. 
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9. Division of Sum or Difference of any Two Like 

Powers. 

By actual division we can obtain, 

(x^ — 54 

- = a^ — a^b+dlP — 6^. Quotient. 



a+b 



= a^+a^fc+aft^+ft^. QtiotienL 



a— 6 

a*+6^ is not divisible by either a+b or a—b. But 
a^+b^ 



a+b 
a^-lfi 



=a*-o36+a26^-a6^+6*. Quotient. 



=:a*+a36+a262+a&3+fc*. Quotient. 



The difference of two like even powers of two quantities 
is divisible by the sum of the quantities, and also by their 
difference; 

The sum of two like odd powers of two quantities is divisible 
by the sum of the quantities; 

The difference of two like odd powers of two quantities is 
divisible by the difference of the quantities. 

For the quotient in all these cases — 

(1) The number of terms in a quotient equals the degree 
of the powers whose sum or difference is divided; 

(2) The terms of each quotient are homogeneous (since 
the exponent of a decreasss by 1 in each term, and that 
of b increases by 1 in each term). 

(3) If the divisor is a difference^ the signs of the quotient are 
all plus; if the divisor is a sum, the signs of the quotient are 
aUernaJtely plus and minus. 

In the above statements the parts in italics should be 
committed to memory. 

Ex. 1. ^^^i^=a»-a«x+a*x2-a3a:3+aV-ax»+a^. 
a+x 

Quotient. 
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*^2- -z^+i^ 2i+r 

= (2 «)< - (2 a:)3y+ (2 a!)V - (2 *)»»+»* 

= 16 **-8 x'y+i *V-2 ly'+y*. 

Quotient. 



Write the quotient at sight and check each result: 

1 ^db^ A o^-128 o"+j" 

a+x a— 2 a+x 

o— X X— 1 sr—y* 

V+yf ' 32a:g-y» 243 -a» 

6+y 2x—y 3— a 

10. Divide 32 a*+x^ by 2 o+x by the method of long 
division. Now write the same quotient by the method of 
§ 9, p. 31. Estimate how much of the labor of division is 
saved by using the second method. 

11. -I+t^ 13. '±11= 15. °-!±12? = 

12. «izv!= 14. t^^ 16. t+l = 

17. Divide a^+b^ by a+b. Also (a+b)^ by a+b. 

18. Find the diflference in value between x^— y* and 
(x — y)^, when x = 3 and y = 2. 

Factoring 

10. Cases I and n of Factoring. 

Case I. A Polynoniial having a Common Factor in all 
its Terms. 

Ex. 6x«y-9xV-"18ax<-12 6x«|/ 

=3 x»C2 2/-3 xy«-6 ax«-4 by). Factora. 
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Case II. A Trinomial that is a Perfect Square. 

Ex.1. 16a;«-24xy+9 2/«=(4x-3y)». Factors. 
Ex. 2. a»-4 ab+4: 6«-9 a;«= (o-2 6)»-9 a;« 

= (a-2 6+3 x)(a-2 6-3 x). Fadora. 

EXERCISE 21 
Factor and check: 

1. 3x^+6a?+9 3i^. 7. 4 a'»-8 a^^+ct*". 

2. 15ax+10ay-5a«. 8. .49+1.4 6+62. 

3. ia^-ia^-ix. 9. ar*"+2 x^j/^+j/'". 

4. 2irr2+2 7rrA. 10. 9a2+4a6+J62. 

5. x2+4ax+4a2. 11. (a+x)2+2 6(a+x) + 62. 

6. x3+6x22/+9a;y2. 12. (x+2/)2-2ox-2a2/+a2. 

13. x2+2/2+22+2xy+2x2+2 2/2. 
Compute in the shortest way: 
14. 73 X $1.25+27 X $1.25. 
16. 186X$5.46+27X$5.46-113X$5.46. 

11. Cases in and IV of Factoring. 

Case III. The Difference of Two Squares. 

Ex.1. 16x*-9 2/«=(4x»+3 2/»)(4x«-3y»). Factors. 

Ex. 2. 4a»-x»+2jFy-y*=4a«-(x«-2a;y+y») 

=4a*— (x— j/)» 
= (2 a+x-j/)(2 a-x+y). Factors. 

Ex. 3. Compute the value of 82.1 >— 7.9' in the shortest way. 

82.1«-7.9«=(82.1+7.9)(82.1-7.9) 
=90X74.2 

-6678. Ans. 



34 A SECOND BOOK IN ALGEBRA 

Case IV. A Trinomial of the Form jc^+bx+c. 

Ex. a:«-5xy-14y«=(a;-7y)(x+2y). Factors. 





EXERaSB 82 


Factor and check: 




X* ^o "~ Ja . 


8. x'^-ia+by. 


2. 16a^x-JPx. 


9. x2_a2_2a6-62. 


3. 144 -.0009x2. 


10. 4x2_p2^.2pg_g2. 


4. .36a^-81xy2. 


11. 4o2-16 62+4a+l. 


5. Ip'-APS"- 


12. 9-16o2-8o-l. 


6. 6j/8-6. 


18. ^-(.x-3y)'. 


7. «*"— J/*". 


14. (0+6)2-9(0+6-1)2. 



16. 9(x+2/)^-4(2x-3 2/)2. 
Compute in a short way by aid of factoring: 
16. 4762-3242. 17. 89.732-85.272. 

18. Evaluate tR^-tt^ when 7r=-V-, ^ = 32, and r=24. 
Factor and check: 

19. x2-7x+12. 29. a3-13a2+36a. 

20. p**+3p*-70. 30. a3-12a2+36a. 

21. 6*+3 62-28. 31. l-lGx*, 

22. o2+4a-165. 32. a^-x^-^xy-^j^. 

23. 2/^»-*-.5 2r"*+.06. 33. 2/2+(a+6)t/+a6. 

24. a262-9a6+18. 34. 206-02-624.^^2^ 

25. x«-13x* + 12x2. 36. ap^-.OOlGa^ 

26. T^-'{p+q)x+pq. 36. {x+y)^-&{x+y)+S. 

27. (x+2/)2-5(x+!/)+6. 37. (x+2/)2-6(x+2/)+9. 

28. (2x-3)2+3(2x-3)-10. 38. x2»-2xV+y*. 

12. Case V. A Trinomial of the Form oj^+bx+c. 

The essential part of tho' process of factoring a trinomial 
of %he fQjm ax^-j-bx-^-c lies in determining tw^ factors of 
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the first term and two factors of the last term, such that 
the algebraic sum of the cross products of these factors 
equals the middle term of the trinomial. 

Ex. 1. Factor 10x2+13x-3. 

The possible factors of the first term are 10 x and Xybx and 2 x. 
The possible factors of the third term are —3 and 1, 3 and — 1. 
In order to determine which of these pairs will give +13 x as the 
sum of their cross products, it is convenient to arrange the pairs 
thus: V 

10 X, -3 5x, -►I 



^v 




X, 1 

Variations may be made mentally by transferring the minus sign 
from 3 to 1; and also by interchanging the 3 and the 1. 
It is found that the sum of the cross products of 

6x,-l 

is+13x 
2x, 3 

Hence, 10x*+13x-3=(5x-l)(2x+3). FadorB. 

Let the pupil ch^ck the work. 

Hence, in general, to factor a trinomial of the form 

ox^+ftx+c. 

Separate the first term into two such factors, and the third 
term into two such factors j thai the sum of their cross products 
equals the middle term of the trinomial; 

As arranged for cross multiplication, the upper pair taken 
together and the lower pair taken together form the two factors. 

If, in a given example, the number which takes the place 
of either a or c has many factors, the method of factoring 
used iu the following example is a saving of labor. 
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Ex. 2. Factor 20 x^+49 x-48. 

Multiply and divide the given expression by 20, the coefficient 
of the first sum. 

TT «/. ...n .o (20x)«+49(20x)-960 
Hence, 20 x«+49 x-48= ^ '20 — 

^ (20x+64)(20x-15) 
20 

^ 4(5x+16)5(4x-3) 
20 

= (5x+16)(4x-3). Fadars. 

. EXERCISE 83 
Factor and check: 

.1. 2a2+3a+l. 10. 9a*-13a2+4. 

2. 3a2-4a+l. 11. 3 x2-1.4 x+.08. 

3. 2x2-5x+3. 12. 6a^y-2xy-^y. 

4. 3p2+8p+5. 13. 9d*-148a2+64. 
6. 3p2+i6p+5. 14. 12-7 X- 12x2. 

6. 7a2-2a6-5&2 15. 2x2»+5x»-3. 

7. 3x*-llx3+6x2. 16. 3(x-2/)2+7(x-y)2- 622. 

8. 10x2-13 xy-3y2. 17. 3(x2+2x)2-5(x2+2x)-12. 

9. 12a2-7a6-12 62. is. px2+(p-g)x-g. 

13. Case VI. Sum or Difference of Two Like Odd 
Powers. 

From § 8, p. 29, -^J^ =a^-ab+V^. 

Hence, a?+lP = {a+b)(a^-ab+ly^). . . . (1) 

In like manner, a^—lP = {a—b){a^+db+b^). . . . (2) 

But any algebraic expressions may be used instead of a 
and b in formulas (1) and (2). 
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Ex. 1. Factor 27 a? -8 2/3, 

27x»-8y»=(3x)»-(2y)«, 
Use 3 X for a and 2 y for & in (2) above. 

27 x»-8y»=(3 aj-2 y)(9 x«+6 xy+4 y«). Factors. 

In working examples of this type, it is often convenient to call 
Zx—2y the "divisor factor" and 9x*+6xy+4y* the "quotient 
factor." Why are these names appropriate in this case? 

Ex. 2. Factor a«+8 6». 

ae+8 6»=(a«)»+(2 6»)* 

= (a«+2 6»)(a*-2a«6»+46«). Fadara. 

Ex. 3. Factor (a+6)3-x3. 

(a+6)»-x»=[(a+6)-x][(a+6)«+(a+6)x+x«]. 

Let the pupil check the above examples. 

In general, to factor the sum or difference of two cubes, 

Obtain the valites of a and b in the given example, and sub- 
stitiUe these values in formula (1) or (2). 

By the use of § 9 (p. 31), the sum or difference of two 
like odd powers higher than the third may be factored. 

Ex. 4. Factor a^—lfi. 

a»-6«=(a-6)(a<+a»6+a«6«+a6»+6<). 

Ex. 5. Factor z^+S2 y^. 

x»+32y»=x»+(2y)» 

. = (x+2 y)[x*-x»(2 y)+x*(2 y)»-x(2 y)»+(2 y^] 
= (x+2 2/)(x<-2 x»i/+4 x«2/«-8 xy*+l6 y*). Factors. 

The sum of certain two like even powers maybe factored by 
regarding the expression as the sum of two like odd powers. 

Ex. 6. Factor a«+6«. 

at+6«=(a«)»+(6«)» 

= (a*+6«)(a«-a«6»+6<). Factors. 

But a^+V, fit* +6*, a® +6® cannot be factored by any 
elementary method and are therefore prime expressions. 
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EXERCISE JM 






Fac 


tor and check 


• 








1. 


m?—T?. 


12. 


o«-x«. 


S8. 


o»+xi». 


2. 


c*+8(P. 


18. 


X«-J,«. 


24. 


o»+6». 


8. 


27-0^. 


14. 


o«-64n»2. 


26. 


32aj»-l. 


4. 


o3+8 1?(?. 


16. 


250x-2«^ 


26. 


o"-y». 


6. 


i8-l25. 


16. 


8l«+J/3. 


27. 


243 -x5. 


6. 


64y3-27. 


17. 


16a:*y«-64a»8. 


28. 


oio-feio. 


7. 


o363+l. 


18. 


x^+j/fi. 


29. 


a»o+6'o. 


8. 


l-lOOOiS. 


19. 


x'-y'. 


80. 


32x5_oW 


9. 


27 3^+a?x. 


20. 


a^+m^. 


81. 


o«+j/». 


10. 


b\2 3?-y^. 


21. 


Xl2+yl2. 


82. 


8 Xl2+y». 


11. 


0+343 a*. 


22. 


o7-128 6^ 


88. 


.008x3-j/3. 



34. Make up a binomial expression whose terms contain 
unlike exponents and which can be factored as the sum of 
two cubes. ' Also one that can be factored as the sum of 
two 5th powers. 

36. Make up a binomial the exponents in whose terms 
are even numbers, and which can be factored as the sum of 
two cubes. Also one that can be factored as the sum of 
two 5th powers. 

36. State which of these expressions can be factored: 

x3+2/8 7?+i^ x3-2/io a;«+2/iP 

a?+y» x3_2,i2 3.6+2/8 ««+2/i2 

a?+t/6 x^-y^ x^+y^ x^-y^^ 

Factor and check each of these miscellaneous examples: 

37. ar^-4a2. 41^ x«+a^ 

38. a? -So?. 42. a;«-a«. 

39. x^-4ax+4a^. 43. x^^+y^. 

40. x2-4ox+3a2. 44. x^^-y^^. 
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45. 01^ -0^. 48. 6a2-13a+6. 

46. a:«+a«. 49. l&x^-ixy+y^. 

47. ar2-4(a+6)2. 50. 7^+21 aH. 

61. Make up and work an example in factoring to illus- 
trate each case treated thus far. 

14. Case Vn. A Polynomial whose Terms may be 
Grouped so as to be Divisible by a Binomial Divisor. 

Ex. 1. ox— ay— 6x+6y=(ax— ay) — (6x— 6y) 

^aCx— y)— 6(x— y) 
^(a— 6)(a;— y). Fadors. 

The last step in the preceding process is sometimes clearer to the 
pupil when written in the following form: 

a —6 

Ex.2. l+15a<-5a-3a»= l-3a»-6a+15a« 

= (l-3a»)-5a(l-3a») 

= (l-3a»)(l-5a). Fadon. 

» 

EXERCISE 26 

Factor and check: 

1. a(x+y)+&(a:+y). 10. tI^-^-z-^-X. 

2. ax+ay+6x+6t/. 11. a6— 6y— a+y. 

3. (a— 6)p+(a— 6)g. 12. x^— x*— 4x+4. 

4. a'p^h'P'^aq—hq, 13. a^x^— b^x^— a^j^+ft^y^. 

5« (p+5)ic+py+gy. 14. o^+6^+a+6. 

6. 3x(a-6)+5ay-5 6y. 15. a^-lfi^-a^-}?. 

7. idx— Jay+J6x— Jby. 16. a^ — &^— a^+b^. 

8. x2(x+l)+5(x+l). 17. a3-63«.(ot«5)2, 

9. x^+x2+5x+5. 18. X— y+x^— y®. 
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19. a^—ax+cx—ac. 23; 4a2— a^x^+x^— 4. 

20. 5xy-10y-3x+6. 24. a?-l+2(x2-l). 

21. y^+y^+y+1. 26. x(a;+4)2+4(x+4). 

22. ax^-2a^x-x+2a. 26. 2(x^'-y^)-x+y. 

Factor and check each of the following miscellaneous 
examples: 



27. 


a?-8«8. 


33. 


3?-3^+X-l. 


28. 


o2-16x2. 


34. 


x«+27 y«. 


29. 


ax—bx+ay—by. 


36. 


o8-J/«. 


30. 


a2-o-2. 


36. 


(o+6)2-2(o+6)p+p«. 


31. 


«3-a3+2(x-o). 


37. 


(o+6)2-(o+6)-2. 


32. 


3o2-4a-4. 


38. 


x'+i^—a^—tfi. 



39. Make up and work an example to illustrate each case 
in factoring treated thus far. 

16. Case VIII. Polynomials Factored by the Factor 
Theorem. 

Ex. If 2 be substituted for x in x^ — 7 a; +6, we find that 
x^ — 7 x+6 reduces to zero (since 8—14+6 = 0). 

We will now show, by a special method to be applied later, 
that x^ — 7x+6 is exactly divisible by x— 2, and hence, 
that X— 2 is a factor of x^ — 7 x+6. 

Dividing x»— 7 x+6 by x— 2, we may express the result thus: 

x»-7x+6=Q(x-2)+/2, (1) 

where Q is the quotient and R stands for a possible remainder. 

But if in identity (1) we let x=2, x"— 7 x+6 becomes zero, and 
Q(x— 2) also =0 (eince x— 2=0). Hence, R must be zero. 

Hence, x»-7x+6=Q(x-2), 

that is, x-r2 is a factor of x»— 7 x+6. 
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16. Factor Theorem. Similarly, in general, if E is any 
polynomial expression consisting of powers of x, arUl E 
reduces to zero when x = a, then x— a is a factor of E. 

m 

For E = Q{x—a)+R, and R reduces to zero when x = a, 
in this identity. 

Ex. 1 . Determine whether a: — 2 is a factor of x^ + 3 a:^ — 4. 

When x=2, the given expression reduces to 8+12—4 or 16. 
Hence, by the factor theorem x— 2 is not a factor of x»+3 x*— 4. 

Ex. 2. Determine whether x — 1 is a factor of x^ + 3 x^— 4. 

On substituting 1 for x, the given expression reduces to 1+3—4, 
orO. 

Hence, x— 1 is a factor of x"+3 x*-4. 

Observe that a short way to determine whether an expression, 
Ef is divisible by x— 1, is to note whether the sum of the coefficients 
is equal to zero. Thus, x*+2x— 13x«— 14x+24 is divisible by 
X— 1 since the sum of its coefficients, viz., 1+2—13—14+24, 
equals 0. 

Ex.3. Factor x3- 2x2-9 x+ 18. 

The last term of each factor of the given expression must be an 
exact divisor of 18. Hence, the only trial numbers which we 
need substitute f or x are d=l, ±2, d:3, ±6, ±9. It is customary 
to try the smaller numbers first. 

Substituting 

1, we obtain 1—2—9+18, or 7.*. x— 1 is not a f{tctor; 

— 1, we obtain —1—2+10+18, or 25.*. x+1 is not a factor; 

2, we obtain, 8—8—18+18, or 0.*. x— 2 is a factor. 

Dividing x»— 2 x*— 9 x+18 by x— 2, we obtain 

x»-2 x2-9 x+18= (x«-9)(x-2) 

«(x+3)(x-3)(x-2). Factara. 
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BXERCISB 86 

Oral 

t Isfl5-lafactorof a:«-13a;+12f 

i. Is x-2 a factor of x»-8 a;+12? 

5. Is aj+2 a factor of x»+7 x-6? 
4. Is x-3 a factor of x«+7 x-6? 

6. Is X- 1 a factor of x»-5 x*+7 x-S? 

6. Is a- 1 a factor of a*+a«-8 a«+8? 

7. Is a- 2 a factor of o«+a»-8 a«+8? 

EXERCISB 87 

By use of the factor theorem, factor: 

i 1. a?-3x+2. 4. a?-llx2+23x+36. 

2. x3-3x-2. 6. x3-9x2+26x-24. 

3. x4+2x3-41x2.42a;+360. 6. a?+3^-'Ux-2^. 

7. x*-4x3-29x2-144x-180. 

8. a?*+5x3-6x2-45x-36. 9, a?*-5x2+4. 

10. x3-3x2-10x+24. 11, jc*+x8-llx2-9x+18. 

By use of the factor theorem, prove that 

12. af— 2/" is always divisible by x— y. 

13. af^+y^ is always divisible by x+y when n is odd. 

14. x*+j/" is not divisible by x+y when n is even. 

EXERCISE 28 

Review 
Factor and check: 

L x«+4 ax»+4 a»x«. 8. 40o»-6. 

2. x*-4o«x». 4. .16x«-.4xV+.26xV. 
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6. a;«-4 aa;»+3 oV. 

6. 3a;«-4(M!»-4a^^ 

7. ««-8a*r. 

& ia+x)y+az+xz. 

9. x»-7x-6. 

10. x»-.04x. 

11. x«-4(a+2y)«. 

12. a*-2a«+l. 

13. f Ax+i%— i^. 

14. 16x*"-8x*"+l. 

15. x»-24x«+144x. 

16. (2x+3y)«-(6x-2y)«. 

17. .04x«-.36i/». 

18. 4x»+5xV-6xV- 

19. x»-l.lx«+.3x. 

20. px—qx—Spy+Sqy. 

21. p*— X*— 2xy— 2/*. 

22. x*+ox— a6--6x. 

23. a«-2a5+6*-x«. 

24. 9x*-4a«-4a6-6«. 

25. 12a«-4a6-3ax»+6x«. 

26. 12xy+25-4x«-9y«. 



27. 8x»-3x. 

28. l-5a«+4a«. 

29. 16 y*-. 0081. 

80. (m+3)*-18(m+3)«+32. 

81. 6ax»— 5 a. 

82. 18x»-3x«-36x. 
88. 7a-7o»6*. 

84. 110-x-x«. 

85. (x«+x-2)«-(x«-x+3)«. 

86. (x«+y«)*-16x«y«. 

87. x»-y". 

88. x"+y". 

89. x»-6x«+llx-6. 

40. (6x-2)«-2(5x-2)-16. ' 
•41. (a«-6)«-o«. 

42. 32+n». 

43. m'^—n^ 

44. (a+6)«+4x«+4(a+6)x. 
46. x*-10x»+17x«+40x-84. 

46. 16a«6«-(a-6)*. 

47. 3(x+y)«-2(x+|/)-6. 

48. a»-y»-o«+y*. 



49. Make a list of all the prime factors of x^— 1. 

50. Make a list of all of the exact divisors of x* — x«— 6 x«. How 
many of these are prime factors? 

51. What is the smallest expression into which each of the 
following can be divided: x— 2, x— 3? 



52. Answer the same for x*— 4, x*— 5 x+6. 
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Find the least oommon multiple of the followiug: 

63. 3 x^, 9 XV'. 12 xy. 64. 6(a:*-i/'), 9(i'-y»). 

66. 18(1-1)', 24{i'-l), 36a:. 

66. 6a'-12aft+66»,9a'-96», 12(a-fc)t. 

67. 6(a'-I),a»-a, 4a'-8(i+4. 

68. 15aa:'(i-!/)», 3bxy(i'-y*), 9x(x+i/)*. 

69. Define least common multiple. 

60. Write two expreaaions whose least common multiple is 
12x"(x-2)«(x-l). 

61. Write three fractiona which have 24 at' as their L. C. D. 

62. Write three fractiona whose L. C. D. is 9(o+6)(a-(t)'. 

EXERCISE 89 

Ex. 1. A newsboy sold papera during the following num- 
bers of boiu^ on the successive days 
of a week: Monday, 1^ hr.; Tuesday, 
2 hr.; Wednesday, 1 hr.; Thursday, 
li hr.; Friday, l\ hr.; Saturday, 2 
br. The number of papers sold by 
i bim on these days were as follows : 

\ 47, 42, 54, 68, 72, 56. Graph these 

two sets of numbers on the same 
diagram. 
Also on the same diagram, con- 
^ i struct a curve showing the number 

S g § I S S of papers which the boy sold per 

hour. 
This last curve is termed an efficiency curve. 

8va. It will be found convenient to tabulate the numbers to 
be graphed thus: 
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Day of Work 



No. hours 

No. papers sold. . 

No. papers sold 

per hour....' 



MON. 


Tubs. 


Wed. ' 


Thurs. 


FBI. 


Sat. 


li 


2 


1 


li 


li 


2 


47 


42 


54 


68 


72 


56 


31 


21 


54 


39 


58 


28 



2. One week on successive workdays, a newsboy sold 
papers during the following number of hours: 1, IJ, 2^, 
li, 1, li, 2i. The papers sold per day numbered as 
follows: 47, 72, 64, 76, 84, 92, 67. On the same diagram 
construct graphs of these two sets of facts. Also on this 
diagram, construct an efficiency curve. 

3. The cost per month in dollars of running an auto 
truck for the first six months of a year and the number 
of miles run per month were as follows: 



Month 



Cost 

Miles run. 



Jan. 


Feb. 


Mab. 


Apbzl 


May 


June 


$31 
632 


$34 

476 


$43 
462 


$32 
610 


$38 
705 


$28 
800 



Graph these two sets of facts on the same diagram. 
(For the first graph, let one space on the vertical axis 
represent $10; and for the second graph, let one space 
represent 100 miles.) 

Also on this diagram, construct an efficiency curve show- 
ing the number of miles run each month per dollar of 
expense. (In constructing the efficiency curve, let each 
space on the vertical axis represent 5 miles.) 

4. For the first nine months of a given year, the 
sales and advertising expenses of a certain business were 
fts follows: 
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Month 

Sales 

Ad. Expenses 
Efficiency 



Jan. 



$7620 

225 

34 



Fbb. 



$8200 
240 



March 



$7420 
316 



April 



$7530 
320 



Mat 



$8040 
460 



Month 


JUNR 


July 


August 


Skptsmbsr 


Sales 


$10,725 
530 


$12,010 
515 


$15,240 
468 


$17,903 
420 


Ad. Expenses 

Efficiency 



Fill in the blank spaces and graph the three sets of facts 
on the same diagram. (Note that the efficiency curve shows 
the sales corresponding to each dollar spent in advertising.) 

On May 1, a special advertising agent was employed. 
How is the effect shown on the efficiency curve? 

5. Make up and work a similar example concerning 
money spent in advertising a magazine and the number of 
copies of the magazine sold. 

' '^ 6. The following table gives the normal or average 
height in inches and also weight of a boy at the ages 
specified. Graph these two sets of numbers on the same 
chart. 



AoB IN Ybabs 



Height in inches 

Weight in pounds 

(Pounds) -^ (inches) .... 



3 


6 


g 


12 


16 


18 


21 


35 


44 


50 


55.5 


62.8 


66.8 


68.3 


30 


43 


57 


72 


102 


126 


152 



On this chart, also draw another curve showing the 
number of pounds in weight for each inch in height. From 
the chart, determine during what period the increase is 
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most rapid in his height. In his weight. In his weight 
with respect to his height. 

7. The following tabulation shows the growth in the 
population and in the value of the manufactures of a 
certain city for a certain period of years. Graph these 
facts on the same chart and add another curve showing 
the per capita value of the manufactures during the differ- 
ent years. 



Year 


1885 

32 
7.2 


1890 

36 
9.3 

• 


1895 


1900 


1905 

51 
28.1 


1910 

53 
36.5 


1915 

58 
67.6 


1920 


Population in thousands . . 

M'f res in millions 

Per capita value of m'f 'res. 


42 
12.4 


46 
15.7 


76 
125.4 



8. The following table gives for the years specified the 
population of the United States in millions and the area of 
United States in thousands of square miles. 



Year 


Pop. 
IN 

MiLMONB 


Area in 
TnornkKM 

BQ. MI. 


Denbitt 

PER 
BQ. MI. 


Year 


Pop. 

IN 

Millions 


Area in 
THonaiiNDB 

BQ. Ml. 


Denbitt 

PER 
BQ. MI. 


1790 


4 


892 




1860 


31 


3026 




1800 


5 


892 




1870 


39 


3617 




1810 


7 


1720 




1880 


50 


3617 




1820 


10 


1792 




1890 


63 


3617 




1830 


13 


1792 




1900 


77 


3743 




1840 


17 


1792 


• 


1910 


101 


3743 




1850 


23 


2997 




1920 









Fill in the blank spaces and graph the three sets of 
numbers on one chart. 



CHAPTER III 

FRACTIONS; FRACTIONAL EQUATIONS 

Fractions 
17. Important Properties of Fractions. 

(1) If the numerator and the denominator of a fraction are 
both multiplied or both divided by the same quantity, the 
value of the fraction is not changed. 

(2) The signs of any even number of factors of the 
numerator and denominator of a fraction may be changed 
without changing the sign of the fraction; 

But if the signs of an odd number of factors are changed, 
the sign of the fradion must be changed. 

ic^— 4 
Ex. 1. Reduce t^ — no to its lowest terms. 

(2-x)2 

a;»-4 (a;+2)(a;-2) (a;+2)(a;-2) x+2 . 

Ans. 



(2-x)« (2-a:)(2-x) (x-2)(x-2) x-2' 

An example in fractions may be checked by letting each letter 
equal a number both in the original expression and in the answer. 
Thus in the preceding example, if we let x=^% 



Also, 



x*-4 


-4 
2» 


4 
4 


-1. 


x+2 
x-2 


2 
-2 


-1. 
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Ex. 2. Reduce — ^aXo" ^^ ^ mixed number. 



«» +2 a; 



xHh2 
x-l 



—X*— X 

-X' -2 
- x+2 

x9-^x*+x ^ re— 2 . 
Hence. ___=x-l-^j^. An.. 

Let the pupU check by letting x^l, both in the original ex- 
ample and in the answer. 



EXERCISE 30 
Reduce to its simplest form: 

27 oVy^ x2-4 ag*-6x"+^ 

36 o2a;*y** * x2_4a.+4- 7- aZfex-ft^xS- 

9 a!y- 12 y^ 3g2+4x-4 p3-27 

Ux'-lQxy' a^+3x+2' 9-6p-i-p2- 

. 18(a-6)^ a«-64 4-(a:+y)2 

* 45(a-62)2- »• a2-16* *^* (a;-2)=2-y2' 

o2+62-c2+2a6 (x-l)(2-a;)(3-a;) 

* * o2-62-c2-2 6c" (l-a;)(x-2)(a:-4)' 

jj 6a2-7a&+2b2 ^^ x2-(p+g) a;+pg 

6a^— o6— 2 62* ' a^_(p-j.r)x+pr* 

14. State which of the following can be simplified by 
striking out each a^: 

oY o^+y' o2+y' 5+3 a2' 5a2 ' 

Reduce to a mixed quantity: 

„ 3?-Zx-5 .. 8o2-6 ^„ x3-a: 

16. . 16. X — r-r-. 17. 



X ' 2a+l' ■"• x'+x+r 
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Reduce to an improper fraction: 

18. 3X-2+-. 20. Qa- ^^~f°'^\ 

X 4 

"• '+'>-W- ''• "'-[-('-iTl)]- 

22. Reduce — « to a mixed number. Show 

that the result obtained proves that if the sum of the 
digits of any given number is divisible by 3, the number 
itself is divisible by 3. 

Treat —^ in like manner and state the 

property thus proved concerning the divisibility of a 
number by 9. 

23. Define fraction. Improper fraction. Mixed num- 
ber. 

24. Define integral expression. Fraction at its lowest 
terms. 

26. State some of the uses of fractions. 

26. The labor of writing zr^—^ — t^~t is about how 

12 a^—loab 

manv times that of writing j— ? What principle makes 
this economy possible? 
Supply the missing numerator in each of the following: 

27. t; ;; = ;;— o — 77. 28. 



3x-3 6a?2-6' x-2 a^-8x 

Reduce the following to equivalent fractions having 
their least common denominator: 

ae. 2 5 8 3^^ x+2 x-S 



3a«6c' 6o62c' abed' 2!t?+x-l' 4x2-1* 

Za^ 2 a 5 a 



81. 



a3-6»' a-b' a^+ab+ly'' 
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18. Addition and Subtraction of Fractions. 

T^ «• Tf fl^+6^ a . b 

Ex. Simplify -^ — rs rr+z — • 

^ '' a^—ir a+b 6— a 

o«+6« a h a«+fe«~fl(a-fe) -6(a+6) 

o«-6« a+b a-b^ o«-6» 

= , r> =0' -Ana. 
Let the pupil check the work by letting a=2 and 6=1. 

EXERCISB 81 
Simplify and check: 

2a;-3 x-1 . 3(2~g) _^ 4 3 

5 10 ■*" 16 • a+Z a+2'^a+r 

4x— 7 7x— 3 . 3a;— 2 * V ^ W^ 



7x2 9x^3x3' x+y (x+j/)2 (x+y)3" 

_ 3a+6 3a-6, 14 a6 
o* I — ;n~ - I o r i 



6. 



a-2 6 a+2 6'462-a2- 
2 r-3 r^ 



r+4 r2-4r+16 r3+64* 



7. ,4^-„-4^4 1 1 



4+4 62 2+2 6* '8-8 6 8+8 6* 

x-4 3x-l ■ Say'-Qg+ll 
*• 2x-3 x+2 "^ 2x2+x-6 ' 



(5-o)(a-3) ' 10-7 o+o2 (o-2)(3-a)' 
10. ^±1— |PlJ-+ 3 7 



6p-6 12p+12'3-3p2 12 p- 
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11. By substituting numerical values for both x and y, 
determine whether 

2x 2__ 1_ . x-3y 

• a^—y^ y—x x+y ^ 7?^y^' 

12. (1) In the formula A = ,g_ +t— i+tti, find the 

value of A when Z= 10. Also when Z = 11. When Z= 12. 

(2) Now add the three fractions in the formula and, 
by substituting in the result, find the three required values 
of A. 

(3) Compare the amount of work in the two processes. 
What does this comparison teach us as to the efficiency 
value of the addition of fractions? 



19. Multiplication and Division of Fractions. 



^^- Simplify ^3+^2fc+„52 X (l+^j -^ -^^ 



The expression= ; — — — X — rX ; — : 

a{a*+ab+b*) a-b a*-ab+b* 

=0+6. Ans. 
Let the pupil check the work by letting a=2 and 6=1. 

EXERCISE 32 
Simplify and check: 

Jx^^^ x-y • ^' y^^^J'^KW^aV' 
3?+l /, 1 , 1\ 28a^ 9^^21^ 

• 8 'V i''"a;2/" 15 62c X 8 c^a;' 10 6c8' 



"• p2_25 32-2p2_9pg_5g2- 
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^' o+6-c^a2-(6+c)2 • (a+6)2-c2- 

/ a+2 6 a~2 6 \ ^ / a+2& o-2 6 \ 
Va-2 6"*"a+2 6/ • \a-2 6 a+2 6/' 

10. («-1+otJ(6+4+I2)-^(^^M:3-)- 

11 r^ ..2 . 4 gy(y+g) 1 . r T^+y(y+2 x) ] 

11. ^x^ r-h ^.j^ J . [4x2_6x2/+22^J- 

/g, m \ / 9-m2 \ / 2-m \ 2 
\ "^m-3/\4-w2/Vm2+m-6/ m+2* 

13. Define the reciprocal of a number. What is the 
reciprocal of 2? Off? Of x? Of ^? 

14. By substituting numerical values for a, b, x, and y, 
determine whether 

a2-62 fl2 a-b , aHa+b) 

— i — "7 >r5"^~9 — 9 equals . 

x+y {x—yr x^—T x—y 

15. (1) In the formula g=(^+73T)( ^ i ^ )> fii^d the 

value of « when f = 5. Also when < = 22. Also when < = 1 .5. 

(2) Now reduce the formula to its simplest form. By 
substituting in this last result, find the three required 
values of a. 

(3) Compare the anjount of work in the two processes. 
What does the comparison teach us as to the efficiency 
value of the multiplication of fractions? 

20. A Complex Fraction is one having a fraction in its 
numerator, or in its denominator, or in both. 

In simplifying any complex fraction, it is important to 
write the entire fraction at each step of the process. 
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J 2^ 3g-2 

uv 1 3a; 3a; _ 3a!-2 9g _ 3 . 

^•/' __£"9^-4~ 3x ■9s2-4~3«+2" '*"*' 

When the numerator and denominator of a complex frac- 
tion each contains one or more fractions, the expression is 
often simplified most readily if we 

Midtiply both numerator and denominator by the lowest 
common denominator of aU the fractions contained in them. 

Ex.2. Simplify 2-iL-!. 

y z X 
Multiplying both numerator and denominator by xyz, we obtain 

yz+xz+xy 



xH+xy^+yz*' 



Ans. 



EXERCISE 83 
4 1 - 1 

X X 1 r^r 

- X ^ X a+l 

2 — 2d x-5 

X . c 3 

1-i-- l_ 2g-2g 
'• q • •• 9^ — • 



x—y—z 



a J£ -* 10. 



J/ X a^ a 
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11. l±£L^. 11 « 2 



X 1— X* i_i. ^^"' 



1+x X * a* 

Knd the value of 



13. 



14. 



-J, =-T, when a=i and 6=f. 

4a— 5 6 ' ' 

-^ -y when X = i and y = — #• 

3 X— 7 

16. Does 2 — 3k equal f when x=f? 



Fractional Equations 

21. An Equation is a statement of the equality of two 
algebraic expressions. 

Define members of an equation and illustrate by an 
example. 

A root of an equation is a number which, when sub- 
stituted for an unknown quantity in that equation, satis- 
fies the equation; that is, reduces the two members of the 
equation to the same number. 

Thus, 6 is the root of the equation Zx^l=2x+5, since, when 
6 is substituted for x, the given equation reduces to 17»17. 

Define degree of an equation (of one unknown), simple 
equation, identity, conditional equation, fractional equation, 
numerical equation, literal equation. 

22. Aids in Solving Equations. The following principles 
are frequently used as aids in solving equations: 

The roots of an equation are not changed if 
(1) The same quantity is added to both memb^s of the 
equation; 
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(2) The same quantity is subtracted from both m^embers 
of the equation; 

(3) Both members are multiplied by the sarnie quantity or 
by equal quantities (provided the multiplier is not zero, or 
an expression containing the unknown) ; 

(4) Both members are divided by the same quanJtity (pro- 
vided the divisor is not zero, or an expression containing 
the unknown). 

Other principles similar are used later as aids in solving equa- 
tions. 

Explain the meaning of transposUion, and show for 
which of the above principles it is an abbreviation. 

Ex. 1. Solve ^--i^ = |^. 

Rewriting the second fraction (why?), 

4 3 8x+3 



3+x 3-x 9-x«* 

r 

Multiplying each member by 9— x*, the L. G. D. of the fractions 
involved (see § 22, (3) ), 

4(3-x)+3(3+x)=8x+3 

12-4a;+9+3a;=8a;+3 

-4 x+3 z-S a;= -12-9+3 

-9x=-18 

x=2. Root 

r„^ ^._3 4 3__4 19 

UHBCK. 3^^ a:-3~3+2 2-3"5'^ 6' 

8a;+3 ^ 16+3 ^19 
9-x* 9-4 5* 
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Ex. 2. Solve m-a) =^«(?+a) for x. 

BemoYing the parentheses, -r ^=-^H — 'e— • 

o o 5 5 

Hence, 10x-10a»=9x+9a» 

x=19a*. fiooi. 
Let the pupil check the work. 



EXERCISE 34 

Solve forx and check: 

24.-2 T 

1. 2x-8~ y =0. 2. |(l+x)-|(2a:+l)=0. 
3. x+2=x-8-2{8-3(5-x)-x}. 

6.3g+26.15 _g^ ^?! 3.2a;-3.4 _ .6x+4 

^' 8.3 "^•^- ^U ^' 4.6 "* 2.5 • 

3.1 _ 2.4 I £z£— 9_£Zf 

3a;-9.5~2«-4.7' 6-o~ &-c' 

,- 2 1 !__» 

*"• a:+2 x-l x+1""' 

3 l-3g _ l-x ^ 

i-2'^«2_|.2x+4 8-x*' 

19 »-3 ay'+e x+3 ^- 
2«+6 6x2-54 3a;-9 



i« »+2o I X— 2o _ 4a5 
"• 2 6-x"'"2 6+x~4 6»-x8* 
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3-g 5-0? ^^ «2_2 



1-x 7-x 7-8x+x2' 

X— o x— 6 x— c 

16 — 1— +— i— i— = 

p(q—x) qir—x) p{r—x) 

a b a^—lP _ a+b 
X a a^+ab x .' 

Find the value of the letter in each of the following: 
4a-7 7a+2 11 



19. 



60+ 18 lOa+30 45* 



^"' «-7 8+3 s2«4 5_21 "• 



21. Solve iJ=a(-+dl for d. 



=a(l+d) 

22. Solve /2=— (1+cd) for c. 

c 

23. Solve ^i = ^(^T^ — 1) for 62. 

24. Evaluate .907(j-.94W3.7 whenD = 3 andd=J. 

26. In ff = J^» when i5r=1.23, p=40, Z = t, a = 63.62, 
find n to the nearest tenth. 

26. In P= j _„ , find r, to the nearest hundredth, when 
P=40.E=4, 1 = 1.5. 
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27. (1) In C=f(F-32), find F, when C = 200. Also 
when C= 213. Also when C =- 150. 

(2) Now solve the formula for F and thus obtain 

F=^+32. 
o 

By substituting in this last result, find the three required 

values of F. 

(3) Compare the amount of labor in the two processes. 
What inference do you make? • 

23. Two Equivalent Equations are equations which have 
identical roots; that is, each equation has all the roots of 
the other equation and no other roots. 

Thus, a;»— X*— 6x=0 and a;(a;+2)(x— 3)=0 are equivalent, 
since each is satisfied by the values x=0, 3, —2, and by no other 
values of x. 

If we multiply the two members of an equation by the 
same expression, the resulting members are equal, but the 
resulting equation may not be equivalent to the original 
equation. 

Thus, if we take the equation x=5 and multiply each member by 
X— 3, we obtain x (x— 3)=5(x— 3) or 

(x-3)(x-5) = 0, 

which is not equivalent to the original equation, since it has the 
root x=3, which the original equation does not have. 

In general, if the two members of an integral equation are 
multiplied by x—a, the root a is introduced and the result- 
ing equation is not equivalent to the original equation. 

24. An Extraneous Root is a root introduced into an 
equation (usually unintentionally) in the process of solving 
the equation. 

The simplest way in which an extraneous root may be 
introduced is by multiplying both members of an integral 
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equation by an expression containing the unknown num- 
ber. See the example in § 23. 

A more common way in which extraneous roots are in- 
troduced during a solution — and one more difficult to 
detect — is by a failure to reduce to its lowest terms a 
fraction contained in the original equation. 

2 X— 6 
Thus, in solving ; — —777 — ^.^l, the first step should be to 

(a;+l)(x— 3) 

2x— 6 
reduce the fraction z — — -r; — rr to its lowest terms. If this is 

(x+l)(x-3) 

• 2 

done, we obtain the equation — r—^l, whence x=l. 

x-t"! 

If, however, we should fail to reduce the fraction to its lowest 
terms and should multiply both members by (x+l)(x— 3), we 
obtain 2x— 6=x*— 2 a;— 3, whence x*— 4x+3=0. or 

(x-l)(x-3)=0, and x=l, 3. 

On testing both of these results, we find that the extraneous 
root 3 has been introduced. 

Often the fraction which can be reduced to simpler 
terms occurs in a disguised and scattered form. In this 
case it is best to solve the equation without attempting to 
collect the parts of the fraction. An extraneous root 
may then be detected by checking the results obtained. 

Thus, the fraction in the above equation might be 
changed in the following way so as to make it difficult to 
detect its presence in the equation: 

We have ■ — - = 1. 

(x+l)(x-3) 

2x+2 8 

^^^'^' (x+l)(x-3)"(x+l)(x-3)''^- 

Whence, ^.__8__,1. 
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There is nothing in the appearance of this last equation to indi- 
cate that it contains a fraction which should be simplified before 
proceeding with the solution proper. 

Hence, it is important constantly to remember that a root of an 
equation is its root because it satisfies the original equation, not 
because it is the resnU of a series of operations, as clearing an equa- 
tion of fractions, transposition, etc. 

26. Losing Roots in the Process of Solving an Equation. 

If both members of the equation (x+3)(x— 2)=0, are 
divided by x— 2, we obtain a;+3=0. 

The resulting equation is not equivalent to the original equation 
since it does not contain the root x^2, which the original equation 
contains. 

Hence, in general, 

// both members of an equation are divided by an expression 
containing the unknown qiumiity, vyrite the divisor expression 
equal to zero, and obtain the roots of the equation thus formed 
as part of the answer for the original equation. 

EXERCISE 36 

1. Multiply each member of the equation x+2=l by 
«— 3. Is the resulting equation equivalent to the original 
equation? Why? 

2. Multiply each member of the equation a: = 3 by 
X— 2. Is the resulting equation equivalent to the original 
equation? Why? 

3. Divide each member of the equation x^— 16=x— 4 
by X— 4. Is the resulting equation equivalent to the 
original equation? Why? 

ii Make up and work an example similar to Ex. 4. 
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6. Solve the equation "xzi"^ after first reducing 

X 4 

the fraction to its lowest terms. Now solve the equation 
without reducing the fraction to its lowest terms. Do the 
two methc^ds of solution give the same result? Which 
result is correct? Why? 

"• x+2~a;+2 2" '* x^-4. ** *' 

8. , .i^ ^ ,_ 3 



(a;+3)(x-2) ' x+3' . 

2 2 

•• .(a;-l)(x-2)"^=^~-^' 

10. Form an equation in which 4 is the extraneous root. 





EXERCISE 86 










Oral 






Solve orally for x: 










a 


5. 


42 
X 6* 


9. 


o 


2.4==! 


6. 


-3x=f. 


10. 


X 


3. ax^c^d. 

4. ^-1. 


7. 

a 


c=^a+dx. 


11. 
12. 


p— 5 a+b 
4 x 



13. If n represents a number, what does n(n+l)(nf-2) repre 
sent? 

14. Begin with x+S and count backward five numbers. 

16. A rectangular field is Gx feet long and has a perimeter 
of 20 x feet. What is the width of the field? The area? 
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16. If a side of a given square field is 8 feet, what is the increase 
in the area of the field when its side is increased by 10 ft.? 

17. When sugar is at a cents a pound, how many more pounds 
can be bought for a dollar than when it is 6 cents a pound, b being 
greater than a? 

18. If a barrels of flour are sold for h dollars at a gain of c dollars 
a barrel, what is the cost per barrel? 

19. After one railroad train had traveled 1} hours, another train 
followed it and overtook it in x hours. How many hours did the 
first train go? If the first train went at the rate of 20 miles an hour, 
how many miles did it travel? 

20. Express the following as an equation: x divided by 16 gives 
9 for a quotient and 5 for a remainder. 

21. A pupil has worked 20 problems and x of them are right. 
What is his average? If he should work 10 more problems and 
8 of them are right, what would be his new average? 

22. A baseball nine has played 42 games and won 30 of them. 
If it should play x more games and win f of them, what would be 
its new average? 

23. If milk is 6 % butter fat, how many gallons of butter fat 
are in 50 gallons of milk? If x gallons of water are added to the 
milk, what per cent of the resulting mixture will be butter fat? 

24. A boy's average in four of his studies is .885. If his grade 
in a fifth study is x, what is his average in all five studies? 

25. How many hours will it take a man to walk x miles out 
into the country at the rate of three miles an hour, and to ride 
back at 8 miles an hour? 

26. Express 4 % of f of x added to 3} % of f of X, 
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EXERCISE 37 

1. New York and Philadelphia are 90 nules apart. 
Two bicycUsts start from these places at the same time, 
travel toward each other, and meet in 7^ hours. If one of 
them travels 2 miles an hour faster than the other, what 
is the rate of each? 

2. A, B, and C together have $1285. A's share is 
$25 more than | of B's, and C's share is ^ of B's. Find 
the share of each. 

8. A pupil has worked 20 problems. If he works 10 
more and gets 8 of them right, his average will be .80. 
How many problems has he worked correctly thus far? 

4. A ball nine has played 42 games and won 30. If 
after this it should win J of the games played, how many 
games must it play to bring its average up to .72? 

6. How much water must be added to 50 gallons of 
milk containing 6 % of butter fat to make a mixture con- 
taining 4 % of butter fat? 

6. A mass of silver and copper alloy weighs 128 lb. 
and contains 12 lb. of silver. How many pounds of silver 
must be added to the mass in order that 8 lb. of the re- 
sulting alloy shall contain 1 lb. of silver? 

7. A boy's average in four of his studies is .885. What 
grade must he get in a fifth study to make his average .90? 

8. If the wheat crop of the United States during a 
period of 5 years averaged 680 millions of bushels, what 
must it average during the next two years to bring the 
average of the 7 years up to 700 millions of bushels? 

9. If 100 lb. of sea water contains 2^ lb. of salt, how 
much water must be evaporated from 200 lb. of sea water 
in order that 12 lb. of the water remaining shall contain 
1 lb. of salt? 
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10. How much water must be added to 2| gal. of alcohol 
which is 90 % pure to make a mixture 80 % pure? 

11. If a certain man can spade a garden in 2 days and 
a boy can spade it in 6 days, how long will it take the man 
and the boy together to spade the garden? 

12. If A, B, and C together can do in lOf days a piece 
of work which B alone can do in 48 days, or C alone in 
32 days, how long will it take A alone to do the work? 

13. One pipe can fill a swimming pool in 24 min. and 
another pipe can fill the same tank in 36 min. How long 
will it take the pipes together to fill the tank? 

14. Make up and work a similar example concerning 
two pipes which fill a given tank and another pipe which 
at the same time empties the tank. 

16. A man having 10 hr. at his disposal rides out into 
the coimtry at the rate of 10 mi. an hour and walks back 
at the rate of 3 mi. an hour. Find the distance he rides. 

16. A man invests f of his capital at 4 % and the rest 
at 3^ %. The income from these investments is $304. 
Find his capital. 

17. A freight train started from a certain station and 
proceeded at the rate of 20 miles an hour. After 1| hours 
it was followed by a passenger train going 40 miles an hoiu*. 
In how many hours will the second train overtake the first? 

18. A certain number when divided by 16 gives 9 for a 
quotient and 5 for a remainder. Find the number. 

19. Four men together made $19,200 in one year. 
The first made f as much as the foiulih, the second f as 
much as the fourth, and the third 50 % more than the 
fourth. How much did each make? 

20. A farmer has 280 yd. of wire fence and wishes to 
make a cattle yard which shall be 2| times as long as it 
is wide. Find the dimensions of the yard. 
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21. If 30 lb. of water at 150° are mixed with 20 lb. of 
water at 50°, what will be the temperature of the resulting 
mixture? 

SuG. Take as a unit of heat the amount of heat required to 
increase the temperature of 1 lb. of water by 1°. Then, 

NUMBERS DEALT WITH SYMBOLS 

(1) Temperature of the mixture =a;. 

(2) Number heat units lost by the 30 lb. water = 30 (150 -x). 

(3) Number heat units gained by the 20 lb. water = 20 (a5 —50). 

Then (2) must equal (3), or 

30 (150-0;)= 20 (x -50), etc. 
Hence, 50 a; =4500+ 1000, etc. 

22. If 100 lb. of water at 212° are mixed with 40 lb. at 
32°, find the temperature of the mixture. 

23. How many quarts of water at 120° must be mixed 
with 80 quarts at 50° to produce a mixture having a 
tenaperature of 100°? 

24. A crew can row 6 miles an hour in still water. 

» 

If it takes the crew 4 hours to row 12 miles up-stream, 
find the rate of the current. 

25. In a bookcase the distance between the bottom and 
top boards is 56 in. It is desired to insert in this space 
5 shelves each 1 in. thick, so that the book spaces thus 
formed shall increase by' 1 in. successively from top to 
bottom. Find the distances between the successive 
shelves. 

EXERCISE 38 

Oral > 

1. If the product of two numbers is p, and one of the numbers 
is a, what does p/a represent?* 

2. If c represents a certain number of cents what does c/100 
represent? c/25? c/10? 



FRACTIONS; FRACTIONAL EQUATIONS 67 

3. A man has traveled x miles at y miles an hour. What does 
x/y represent? 

4. Find the length of a piece of carpet 27 in. wide that will 
contain y square yards? 

5. If a house rents for d dollars per month, what does 12 d 
stand for? 

6. If a man can do a piece of work in x dsLys, what is repre- 
sented by 1/x? By 5/x? 

7. If the dimensions of a rectangle are x and y feet, what is 
represented by 2 x+2 y? By V x*--i/«? By xy? . 

8. If a side of a square is x, what does (x+4)(x— 3) stand for? 

9. Three boys can run the quarter mile in a, 6, c seconds 
respectively. What does (a+b+c) -^3 represent? 

10. Each side of a square contained / feet. From the square 
was cut out a smaller square each side of which was i inches. 
Express in square feet the area left. 

11. How many board feet are in a stick of lumber a feet long, 
b inches wide, and c inches thick? 

12. If a number n be diminished by r per cent of itself, how 
much of the number is left? 

13. What is the cost of manufacturing n articles at d dollars per 
hundred articles? 

14. If the dimensions of a school room are I, w, h feet and 
200 cu. ft. of space are allowed for each pupil, what is represented 
by Iwh 4-200? 

EXERCISE 39 

1. If an agent sells a property for s dollars and receives 
a commission of r per cent^ obtain a formula for 6, the 
amount which the agent remits to the owner of the property. 

Solve this formula for s. By aid of this last result, 
determine the selling price, when the commission is 5 %, 
in order that $1900 be remitted. 
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2^ In Fig. 1 and 2, all the angles are right angles. Ob- 
tain a formula for the area of Fig. 1. Also for Fig. 2. 
3. Fig. 3 represents a square plate (with side a), in 







FiQ. 1. 



Fig. 2. 



Fio. 3. 




which four square notches have been cut, each side of which 
is b. Find a formula for the area left. 

4. Fig. 4 is a figure that was 
originally a square with a side a, but 
from which notches have been cut, 
and from which the four comers have 
been cut off, all the eight parts re- 
moved being equal. Find a formula 
for the area of the figure as it stands. 

5. In the shortest way (by the 
Fia 4. aid of factoring) by use of the for- 
mula obtained in Ex. 3, find the area of Fig. 4, when a is 
3.36 in. and El is .32 in. 

6. Obtain a formula for the cost (C) in dollars of 
n sticks of lumber, each I feet long, w inches wide, and 
t inches thick, at d dollars per thousand feet. 

Make up and work a numerical application of this 
formula. 

7. If p denotes the principal, r the rate of interest 
expressed decimally, and n the number of days, state the 
formula for i, the common -interest (i.e., regarding 360 
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days as a year) and also for i\ the exact interest (i.e., 
regarding 365 days as a year). 

Hence, find the formula for i— i' and reduce it to its 
simplest form. 

8. By use of the formula obtained in Ex. 7, find the 
difference between the exact interest and the common 
interest on $2520 for 67 days at 6 %. 

9. In manufacturing a certain article, the cost of the 
preparatory work was m dollars, after which the cost of 
manufacturing articles was h cents each. Obtain a 
formula for the entire cost of manufacturing n objects. 
Also a formula for the average cost in cents (C) of man- 
ufacturing each of the n objects. 

Illustrate the use of this formula by a numerical example. 

10. In a given city the population at the beginning of 
the year was p, the birth rate and death rate during the 
year were ft and d per 1000 respectively, the accessions to 
the population from outside were a persons, and the re- 
movals were h persons. Obtain a formula for P, the 
population in the city at the end of^the year. 

Illustrate this formula by a numerical example. 

11. Using appropriate letters, obtain a formula for 
converting a given number of hundred weight of grain 
into bushels, weighing 60 pounds each. 

Make up a numerical example and solve it by use of 
this formula. 

12. Show that ah+hh may be 
represented by the adjoining dia- 
gram. 

13. Draw a similar figure to 
represent ah+hh+ch. 

14. Also to represent 2 ah+ch. 

16. Also 2 aA+2 ch. 16. Also 2 dh+2 ch+ac. 
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EXERCISE 40 
Review 
L At sight write the product of 

(i) (ax«-i-x?2/*»)». (3) (3a-4 6)(6a+.36). 

(2) (.Zx-lAy)\ (4) (o«+ax+x«)(a«-ax+a:«). 



2. Find the value of 



, when p=5 and g=2, both 



12p«-16p3 

before and after reducing the fraction to its simplest form. Com- 
pare the aiXLOunt of work in the two evaluations. 

3. The perimeter of a rectangle is 208 ft. The width is f of the 
length. Make a drawing of the rectangle to scale. 

4. Simplify 3(.3x-.22/)«-2(.3x+.22/)«. 

6. A tractor plows an acre in m minutes. Find a formula 
for the number of hours (H) which it will require to plow a field 
{ yards long and w yards wide. 

6. For the eight half years of their high school course, three 
pupils, James Ashley, Frank Evans, &nd William Porter, made 
general averages as follows: 



Ashley 


67 


71 


74 


81 


83 


85 


87 


88 


Evans 


82 


88 


86 


81 


78 


84 


86 


91 


Porter 


84 


73 


77 


69 


78 


83 


74 


77 



Graph the three sets of grades on the same chart. 
Which of the three pupils made the greatest improvement? 
Which of them made the most uniform improvement? 

7. State which of the following processes increase the value of a 
fraction: (1) multiplying the numerator by 3; (2) dividing the 
denominator by 3; (3) multiplying the denominator by 3. Illus- 
trate numerically. 

8. If it takes/ cubic feet of coal to make a ton, obtain a formula 
for T, the number of tons a bin aX6Xc feet will hold. 



9. Express the sum of 



x-2 



and 



6 



x-3 



as a single fraction. 
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10. The following tabulation gives the population of the United 
States in millions, and wheat crops in millions of bushels: 



Year 



Population. 
Wheat Crop 
Per capita.. 



1870 


1880 


1890 


1900 


1910 


1920 


39 


60 


63 


76 


92 




236 


499 


399 


522 


635 





Find the per capita production and graph the three sets of 
figures. Can you draw any important inference from your chart? 

11. Factor: (1) x«"-2/*\ (4) 40x»-5. 

(2) .09-o«-(6«-2a6). (5) x»-x+y»-y. 

(3) x»-3x+2. (6) 14a:«-3xy-5y«. 
6x+6 2x+l 2x 



12. Solve and check: 



2x*+5x+3 1+Z-2Z* x*+2x 



=0. 



13. Simplify and check: -7-I- 



d cd+d^' 

14. Find a formula for the number of hours (H) a child n years 
of age should sleep each day, if the rule is as follows: to 8 hours 
add i hour for each year that the child is under 18 years of age. 

By use of this formula determine the number of hours sleep per 
day required by a child 12 years old. By one 15 years old. By 
a child 6 years old. 

15. If 5 be subtracted from three fourths of a certain number, 
the remainder will equal the number divided by 5. Find the 
number. 

16. A dealer sells 40 % less than the catalogue price and yet 
makes a profit of 25 %. What is the cost to him of an article 
whose catalogue price is m dollare? 






and check by letting 2»2, 



17. Simplify (a 

y-1. 

18. Compute the reciprocal of 13 to the nearest thousandth. 

19. If a poudds water at a temperature of 200^ are added to h 
pounds at a temperature of 120^, what is the temperature of the 
resulting mixture? 
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20. What is the advantage of studying factoring before studying 
fractions? 

_^ «. «•• 3 fl— 2 6 -, 

21. Simplify ^—yJ-^3|. 

r 

22. The following tabulation gives in millions of dollars foreign 
(international) trade of the whole world and also of the United 
States in the years specified. 



Yeab 


1810 


1820 


1830 


1840 


1850 


1860 


World Trade 


1600 
152 


1705 
143 


2035 
134 


2665 
222 


4160 
318 


7445 
687 


U. S. Foreign Trade . . . 
Per cent c. . 





Year 


1870 


1880 


1890 


1900 


1910 


1920 


World Trade 


10,955 
829 


15,165 
1,504 


16,800 
1,680 


21,500 
2,244 


32,400 
3,429 




U. 3. Foreign Trade. . . 
Per cent 





At each date given, determine what per cent the foreign trade 
of the United States is of that of the whole world and complete the 
tabulation. Then graph on one chart the three sets of figures. 

From the chart determine whether the foreign trade of the 
United States is increasing more or less rapidly than the world trade. 

x^ 1 2 

23. Solve and check: — jH — — -j — rT;;=0. 

X8-64 x-4 x«+4 x+16 

24. If the regular number of hours in a day's work be denoted 
by r, and the number of hours worked overtime by v; and if the 
regular rate of wages per hour is c cents, and a fifty per cent higher 
rate is paid for overtime, obtain a formula for Z), the number of 
dollars in a day's wages. Illustrate the use of your formula by a 
numerical example. 



26. Solve 



a— 6 a+b 



5=0, for X and check. 



flj— c x+2c 

26. How much water must be added to a pint of ammonia 
which is 25 per cent pure to make a mixture 10 per cent pure? 



CHAPTER IV 
SIMULTANEOUS EQUATIONS; GRAPHS 

26. Simultaneous Equations are a set or system of 
equations in which more than one' unknown quantity is 
used, and the same symbol stands for the same imknown 
number. 

Thus, in the group of three simultaneous equations, 

x+ y+2z=13, 

x+2y+ z= 0, 

2x+ y- 2= 3. 

X stands for the same unknown number in all of the three equa- 
tions, y for another unknown number, and z for still another. 

27. Independent Equations are those which cannot be 
derived one from the other. 

Thus, x+y=10, 

and 2x=20-2y, 

are not independent equations, since by transposing 2y in the 
second equation and dividing it by 2, we may convert the second 
equation into the first. 

But Sx— 2y=5 1 are independent equations, since neither one 
5 x+ 2/ =6 J of them can be converted into the other. 

28. Elimination is the process of combining two equa- 
tions containing two unknown quantities so as to form a 
single equation with only one unknown quantity. Or, in 
general, elimination is the process of combining several 

73 
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simultaneous equations so as to fonn equations one less 
in number and containing one less unknown quantity. 

29. Methods of Elimination. 

Ex. 1. By the method of addition and subtraction, solve 

Qx- 8y = 5. (1) 

15x+12y = 2 (2) 

The L. C. M. of 8 and 12 is 24. 

Multiply in (1) by 24-f-8, or 3; and in (2) by 24-S-12, or 2. 

Hence, 27a;-24 2/=15 

30x+24 2/= 4 

By adding, 57x = 19, or x=J. Root, 

Substituting |^ for x in (1), 3--8y = 5, or y= — i. Root. 
Let the pupil check the work. 

Ex. 2. By the tnethod of substitiUion, solve 

9x- 8 2/ = 5 (1) 

15x+12!/ = 2 (2) 

From (1), 9x=5+8y, or x=^^^. 
Substituting for x in (2), 

15(5+8 y) _^^^^^^^ ^^^^^ I/=-l. Root. 

Substituting for y in (1), we find x=^. Root. 

Ex. 3. Solve the following for x and y: 

(a+6)x-(a-fe)2/ = 3a6 (1) 

(a-6)x-(a+6)2/ = a6 (2) 

Multipljdng (1) by a+h and (2) by a— 6, 

(a«+2a6+6»)x-(a»-6«)y=3a«6+3a6«. ... (3) 

(a»-2a6+6«)x-(a»-6«)y=a»6-a6« (4) 

(3) -(4), 4 a6x=2 a«&+4 ab^. 
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Whence, x = J(a+2 6), 

In Kke manner find y = J (a — 2 6). 

Let the pupil check the work. 



Ans. 



EXERCISE 41 

In solving the following pairs of simultaneous equations, 
use that one of the two methods of elimination which is 
best adapted to each particular problem: 

1. 3x+4 2/ = l. 3. 3x+2y = 21. 6. x = Qy-3. 
6ic— 2j/=— 3. 2/ = 2x. 8—5y-x. 

2. p = 2g— 3. 4. x = 5y—2. 6. 2/ = K^— 5). 
p=4q-7. y = 2x-3. 2/==f(2x+l). 

7. 4m-3i/=-l. ?-?==i 
5m-4y=-l. '23 

8. 2x-32/+17=0. ?_?=:i 
2/ = 3. 4 9'- 

X 2t/_ 12. 2/ = 2a:-3.4. 

*' 4"^ 3 ■" 2/ = 2.3x-6.4. 

8 2 • 3x+4y-25=0. 

10. 5x-y^-L8. 14. ix-i(2/+l) = l. 

3;r+y = U.4. J x-i(3 2/+l) = 0. 

16. K2a;-2/)-K3a:-2y) = 5i/-2. 
Kx-4y) = 17-i(7x-2y). 

.. 2x±y' 3x+l x+2y _^ 

16. -^ y — g U. 

J(4 x-2) -K^-y)+i(5 xH-4 y) =0. 

17. 7 - 3 =0. 18. -^+^ ?^ 



x+3 1/+4' ' a+6 a— 6 a^—b^' 

x(y-2)-2/(x-5) = -13. -^^ 2^-2 



a— 6 a+b a^— ft^* 

19. (x-l)(i/+2)-(a:~5)(2/+3)=0. 
X2/+2 x-x{y+10) = 72 y. 
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Solve for X and y: 

to+ay«2ok cfa— cy=<P 

ai, «+^?^««; (a-6)x-(a+6)y=0. 

o b ^ 

85. — -— =0 

*^:i»- q ^ -0 

(p - 9)x+ (p +9)y = p^+g-* 

Mk Tteft or More Simiiltaneoas Equations. 

Kx, Solw 4x~2y+«=-2 (1) 

3x-y-2«=ll (2) 

6x-y+32=-3 (3) 

If ^9^ ohoo«& to etuninate c first, multiply (1) by 2, and use (2) 
usM>haiuied« 
Thwk 8x-4y+22=-4 (4) 

8x- y-22=ll (5) 

Add tha QorrespQnding members of (4) and (5). 

llx-5y=7 (6) 

Also multiply (1) by 3, and set down (3) imchanged. 

12x-6y+32=-6 (7) 

Subtraotii^ 6x— y+3 2=— 3 (8) 

6x-5y =-3 (9) 

From (6) and (9), 5x=:10, hence x=2. Root, ; 

By substitutions in (9) and (1), find y =3, and z= —4. Roots. 
Let the pupil check the work. 
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31. Use of - and - as Unknown Quantities. 

Ex. Solve hrh'^T ^^^ 

Ax Zy 2 ^^^ 

Multiply in (1) by 8 (the L. C. M. of 8 and 2), and in (2) by 12. 

« ^2= 82. (3) 



X y 
9 20 



= 138 (4) 



X y 

To diminate y, multiply in (3) by 5, and in (4) by 3. 

25 60 



X y 

27__60 
X y 



=410 (5) 



=414 (6) 



Subtracting each member of (5) from the corresponding member 

in (6), 

2 

-=4, whence 2=4x, and a5=i, BooL 

X 

Substituting for x in (3), 

Let the pupil check the work. 

EXERCISE 42 

Solve and check: 

2 3__ 2. 4x-5y+3 2=18. 
g ^ 5«-3y-4 2=2. 

x^y"^' 3«+4y-5«=32. 
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i^ 



3. 



_1 L-=3 6. 4:y+3z=xy. 

3^- ^y 2i/-6a;=3xj/. 

11 

_± I — = 8 

5z 2y " 7. .8x+Ay—.5z = .5. 

^ J^^ .5x-Sy+.2z = ,5. 

3x 4^ " .9x+.5y-.Qz=-.5. 

2x^8 2/ g 1?_26^^ 
6. 4x+5 2 = 8. 'a: 2/ ' 

6 x-3 2/+2 2=0. 5a_46^ 

2x+6y— 2=— 1. X y 

9. x-2 2/-2 2=-2a. 
x+2/— 82=— 4 6. 
3x-3 2/-5 2=-2(a+&). 

10. 2x+y+2 = 2(a+6). ^^ 1.1.1=6 

2 2/+x+2 = 2(a+c). ' X 2/ 2 • 

2a+x+2/-2(6+c). 3 ? 1^10. 

X 2/ 2 

a; y x y z 

X 2/ X y a 

a . b b—a 



12. 



7 5 16 



r+^ = 



X y a 
3 5 _13 *'" 3x^4 J/ 5 2 



.2 a; .3 J/ 3' 2 3 4 

16. 7r-+:r--^ = lS. 



Ax 1.2y 12* _5 5_,1.^_- 

6x 8y"^4z . • 

18. M=7. A_J_+A = _4i 

^ y 2x By^lOz *^' 

^+t=9- 17. 2+i=a=^+6. 

2/2 X 2/ 

-+- = 15. l+^=:a+62. 

X 2 X 2/ 
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32. Elimination of Letters from Formulas. 

Ex. Given the formulas Y = Iwh and Z = 2 u?, obtain from 
them a formula containing the other letters but not Z. 

Substituting in the first foraiula the value of I given in the second 
formula, we obtain 

F=(2w;)i«;i, 
or 7=2u?*A. Ana. 

EXERCISE 43 

Eliminate: 

1. X between p = 6x and a: = 3 d. 

2. r between p = 6r and r = 3 d. 

3. X between v = hlx and a: = 3 A. 

4. p between a = bp and c = dp. 

6. h between V = Zw;A and Sl = 2h. 

6. 8 between s = (l+g)c and s = (l— d)c. 

7. c between s = 2 a6+2 ac+2 be and c = | a. 

8. It? between V = Zm?A and 3 h+5 w = 7, 

9. Z between a = 2h{l+w)+lw and 5 Z = 2 lo. 

10. c between p=^ and c=ad. 

a 

11. c between 3 x+2 !/ = 5 cand 8x— 2 c = 5. 

12. p between 3 x+2y = 12 — 5p and 4x— 3 2/—2p = 6. 

lie 4a 

13. (1) By use of the two formulas « = -T7r and 5 = -^-, 

find a when iC = 4. Also when c = 25. Also when c= 17. 

(2) Now eliminate s between the two given formulas and 

11 c 
thus obtain a = —^. By use of this last formula^ find the 

three required values of a. 

(3) Compare the amount of work in the two methods of 
finding the three values of a. What inference do we draw 
as to the labor saving value of elimination? 
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EXERCISE 44 

Oral 

1. If a bushel of oats was sold for a cents at a profit of 20 %, 
what was the original cost of the bushel of oats? 

2. If a; boys each contribute y dollars toward the cost of a 
motor boat, how much do they all contribute together? If the 
number of boys is increased by 2, and the number of dollars con- 
tributed by each diminished by 10, how much will be contributed? 

3. How many pounds of butter fat in all are in x pounds of 
milk containing 4 % of butter fat and y pounds of cream con- 
taining 60 % of butter fat? 

4. If gold loses tV and silver iV of its weight when immersed 
in water, how many pounds altogether are lost by x pounds of 
gold and y pounds of silver? 

5. Express a number of three digits, in which the digits in 
order from left to right are x, y, and z, 

6. Express a number of two digits, in which the tens' digit is 
X and the units' digit is twice as great as the tens' digit. 

7. If a steamer runs 20 miles per hour in still water, how 
many hours will it take to run 72 miles down a stream flowing 
at the rate of x miles an hour? 

8. If a clerk's salary of x dollars a month was increased by 
25 %, how many dollars would he earn in y months at the increased 
salary? 

9. A boy has d dollars and q quarters. What then does 100 d 
+25 q represent? 

10. If a school has x pupils of which h are boys, what does x—h 
represent? 

11. If a man earns d dollars and spends $ dollars per month, 
what is the meaning of 12(d— s)? 

12. If a field is a feet long and b feet wide, what is the meaning of 
ob-s- 43,560. 



SIMULTANEOUS EQUATIONS; GRAPHS 81 

13. A woman bought a pounds of sugar at b cents a pound and 
c pounds of coffee at d cents a pound. She gave the clerk a five- 
dollar bill. What does 500— ab—cd mean? 

14. Of 8 pupils in a class, 3 had a grade of g and 5 of h. What 
does -^ — stand for? 

o 

EXERCISE 46 

1. The difference of two numbers is 12 and three 
times the smaller number exceeds twice the larger number 
by 18. Find the numbers. 

2. A mass of metal composed of iron, lead, and alumi- 
num weighs 5280 lb. and contains 13 cu. ft. A cubic foot 
of each of these three metals weighs 480 lb., 700 lb., and 
156 lb., respectively, and the given mass contains 2 cu. ft. 
more of aluminum than of lead. How many cubic feet of 
each of the metals does the mass contain? 

3. Five times the smaller of two numbers exceeds 
three times the larger by 15. Also ^ of the larger exceeds 
J of the smaller by 2. Find the numbers. 

4. If the cost of a telegram of 13 words between two 
cities is 31 cents, and that of a telegram of 19 words is 
43 cents, what is the charge for the first ten words in a 
message and for each word after that? 

6. Find a fraction, such that if 1 is added to the 
numerator, the value of the fraction will become f ; but 
if 1 is added to the denominator, the value of the fraction 
will be |. 

6. Separate 3.32 into two parts such that 50 % of one 
part added to 18 % of the other equals .86. 

7. The difference of two numbers is 28. If the larger 
number is divided by the smaller, the quotient is 3 and 
the remainder 4. Find the numbers. 

8. A ton of fertilizer which contains 40 lb. of nitrogen, 
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120 lb. of potash^ and 80 lb. of phosphate is worth $15.60. 
A ton containing 60 lb. of nitrogen, 110 lb. of potash, and 
120 lb. of phosphate is worth $19.90, while a ton contain- 
ing 55, 105, 100 lb. of each, taken in order, is worth $18. 
Find the value of one pound of each constituent. 

9. A man has a tank containing water at a tempera- 
ture of 60° and another containing water at 180°. How 
many gallons must be taken from each tank to make a 
mixture of 360 gallons at 110°? 

10. If two grades of coffee, worth 18 cents and 28 cents 
are to be mixed to make 100 lb. which can be sold for 30 
cents at a profit of 20 %, how many pounds of each must 
be used? 

11. A farmer wishes to combine milk containing 4 % 
of butter fat with cream containing 60 % of butter fat in 
order to produce 30 gallons of cream which shall contain 
30 % of butter fat. How many gallons of milk and how 
many gallons of cream must he use? 

12. A man has a tank containing water at a tempera- 
ture of h degrees and also a tank containing water at t2 
degrees. How many gallons must be taken from each 
of these in order to make a mixture of p gallons at t degrees? 

Make up and work a numerical example illustrating the 
use of the formula which you have obtained. 

13. How much milk containing 3.4 % of butter fat must 
be mixed with how much cream containing 24.5 % of 
butter fat to make a mixture of 20 gallons containing 18 % 
of butter fat? 

14. Of three pipes, the first and second running together 
can fill a swimming pool in 80 min. ; the first and third can 
fill it in 1 hr. 40 min.; and the second and third in 2 br. 
How long will it take each pipe running alone to fill it? 

16. A and B together can complete a piece of work if 
A works 4 days and B 3 days, or if A works 2 and B 6 days. 
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How many days would it take each of them working alone 
to do the work? 

16. A man has $40,000 to invest and from it wishes to 
obtain an annual income of $1800. If he invests part of 
his principal at 4 % and the rest at 5 %, how much must 
he invest at each of these rates? 

17. A party of boys purchased a motor boat. They 
found that if there had been 2 more boys, they would have 
paid $10 apiece less; but if there had been 2 less, they 
would have paid $20 apiece more. How many boys were 
there and what did the boat cost? 

18. A 16-lb. mass of gold and silver alloy, when im- 
mersed in water, weighed only 14.656 lb. If gold loses 
.051 of its weight and silver .095, how many pounds of 
each were in the alloy? 

19. A mass of copper and tin weighing 300 lb. when 
immersed in water weighed 262.5 lb. If the specific 
gravity of copper is 8.8 and that of tin is 7.3, how much 
of each metal was there in the mass? 

20. The denominator of a certain fraction exceeds the 
numerator by 2. If a certain number is added to both 
numerator and denominator, the value of the fraction thus 
formed is f ; while if this number is subtracted from both 
numerator and denominator, the value of the fraction is J. 
Find the original fraction. 

21. In a given number of three digits, the sum of the 
digits is 9. The units' digits exceeds the hundreds' digit 
by 1. Also the given number is fifty-four times aa great 
as the sum of the units' and tens' digits. Find the number. 

22. A steamer can run 20 miles an hour in still water, 
If the steamer can go 72 miles with a current in the same 
time that it can go 48 miles against the current, what is 
the rate of the current? 

23. A clerk earned $504 in a certain number of months. 
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His salary was increased 25 % and he then earned $450 
in two months less time than that in which he previously 
earned $504. What was his original salary per month? 

24. One bottle contains ammonia 90 % pure and another 
contains ammonia 60 % pure. How much must be taken 
from each bottle to make a quart 80 % pure? 

26. A farmer has enough feed for his oxen to last a 
certain number of days. If he sold 10 oxen, his feed 
would last 30 days longer. If, on the other hand, he were 
to buy 10 oxen more, his feed would last 10 days less. 
Find how many oxen he has and for how many days he 
has feed. 

• 

26. There are two alloys of silver and copper, one of 
which contains twice as much copper as silver, the other 
three times as much silver as copper; how much of each 
alloy is required to make an alloy of equal parts of silver 
and copper which will weigh 2J lb. avoirdupois? 

27. The sum of two numbers is a, and five times the 
smaller number exceeds four times the larger by 6. Find 
the numbers. 

EXERCISE 46 




a 



Fia. 1. 




Fig. 2. 



Fig. 3. 



Fig. 4. 



1. In Fig. 1, two isosceles triangles are attached to a 
rectangle. Obtain a formula for the area of the entire 
figure. 

2. la Fig. 2, four isosceles triangles are attached to a 
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• 

square. Obtain a formula for the area of the entire 
figure. 

Find a formula also for the area of the figure when the 
four triangles are equilateral. 

3. In Fig. 3, four equal isosceles triangles have been 
taken from a square. Find a formula for the area of the 
figure left. 

4. In Fig. 4, two semicircles are attached to a rectangle. 
Find a formula for the perimeter of the entire figure. 

If a = 5 b, eliminate a from the formula. Also if a = b, 
eliminate a. Describe the shape of the resulting figiu'e. 

6. A one-half mile running-track is to be constructed in 
the general shape of Fig. 4, with a = § 6. ' Find the length 
of a and b to the nearest tenth of a foot. (Use t=^.) 

6. If a body is moving at the rate of v feet per second, 
obtain a formula for d, the number of miles it will go in 
1 hour. State this formula as a rule. Make up a numer- 
ical example and solve it by use of this formula. 

7. Solve for v the formula obtained in Ex. 6. State 
this new formula as a rule. 

8. Construct a graph of the formula obtained in Ex. 6. 
By use of this graph, determine the rate in miles per hour 
of a boy who is traveling at the rate of 6 ft. per second. 
Also 20 ft. per second. Also 420 ft. in 1 minute. 

9. By use of the graph constructed in Ex. 8, determine 
the rate in feet per second of a car that is going 20 miles 
per hour. Also of a boy who runs 12 miles in an hour. 

10. Adjoining is the diagram of a 
chicken house whose end is a trapezoid. 
If a space of 50 cu. ft. is allowed for b 
each hen, find a formula for N, the 
number of hens that can be accom- 
modated in the chicken house. 




86 A SECOND BOOK IN ALGEBRA 

If a ==6, 6 = 8, tt; =5 10, how long must the house be in 
order to accommodate 40 hens? (Solve by use of the 
formula.) 

11. It s denotes the selling price of an article, c the cost, 
p the per cent of profit (expressed decimally), and the per 
cent of profit is computed on the selling price (not on the 
cost), show that 8=c+ps. Solve this formula for s. 

If the cost of a given article is to be 84 cents, by use of 
the last formula, find what must be the selling price in 
order to obtain a profit of 40 per cent. 

12. A cistern contains 120 gal. of water. At a given 
moment water begins to flow into the cistern at the rate 
of a quarts per minute, and to flow out of another opening 
at the rate of b quarts per minute. Write a formula for 
the number of gallons (G) in the cistern at the end of t 
minutes. Also write the formula if the cistern contained 
Go gallons at the start instead of 120 gal. 

13. If the proper height in inches of a chalk trough in a 
grade school room be denoted by h, and the number of 
the grade by G, the formula for the height of the chalk 
trough is A = 25+f((7— 4). Convert this formula into a 
rule. 

By use of the formula determine the proper height of 
the chalk trough in a room for the 6th grade. For your 
own grade. 

14. If the length, width, and height of a room are 
denoted by I, w, h respectively, what does 2{l+w)h repre- 
sent? Draw a diagram to show this. 

15. Also what does 2{l+w)h+lw represent? Draw a 
diagram to show this. 

16. Also what does Iwh represent? Draw a diagram to 
show this. 

17. Using suitable letters, construct a formula for the 
wei**^^ *' — "»c:on and its load, if the load consists of two 
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sets of objects, as a number of barrels of equal weight, 
and a number of boxes also of equal weight. 

Illustrate the use of your formula by a numerical example. 

18. What temperature is numerically the same on both 
the Centigrade and Fahrenheit scales? 

Sua. Eliminate C between the equations C=f(F— 32) and 

19. Find that temperature on the Fahrenheit scale 
which is numerically double the equivalent temperature 
on the Centigrade scale. 

20. Also find that temperature on the Fahrenheit scale 
which is numerically one half the equivalent temperature 
on the Centigrade scale. 

21. How many square miles are in a tract of land which 
contains 20,000 acres? If M means number of square 
miles and t means number of thousands of acres, find a 
formula for M in terms of U 

33. A Variable is a quantity which has an indefinite 
number of different values. 

A function is a variable which depends on another 
variable for its value. 

Thus, the area of a circle is a function of the radius of the circle; 
the vxigea which a laborer receives are a function of the time that 
the man works. 

A graph is a diagram representing the relation between 
a function and the variable on which the function depends 
for its value. 

A function may depend for its value on more than one variable. 
Thus, the area of a rectangle depends on two quantities — the length 
of the rectangle and the breadth. The present treatment of graphs, 
however, is limited to functions which depend on a single variable. 



88 



A SECOND BOOK IN ALGEBRA 



34. Uses of Graphs. A graph is useful in showing at a 
glance the place where the function represented has the 
greatest or least value and where it is changing its value 
most rapidly, and in making evident similar properties of 
the function. 

Graphs of algebraic equations are useful in making 
evident certain properties of equations which are other- 
wise difficult to understand. A graph also often furnishes 
a rapid method of determining the root (or roots) of an 
equation. 



Q 

(-8.8) 



8:^1 I I i I 






— ^i) 



s 

+—•(1,-4) 



M 



A — I — I — ¥ 



If/ 



36. Location of Points. In the diagram above, the 
lines XX' and YY' are perpendicular to each other. 
If, in constructing graphs, the point P is considered as 
located with reference to XX' and YY', what are these 
lines called? 

What name is given to the point when the lines inter- 
sect? What to PM1 To OM? Which are the four 
quadrants in the figure? Name them in order. Draw a 
similar set of axes on squared paper, and with reference 
to them locate the points (3, 2), (—5, 4), (—3, —6), 
(4, -2), (3, 0), (0, -5), (0, 0). 
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36. To Construct the Graph of an Equation of the First 
Degree Containing Two Unknown Quantities} as x and y. 




Lei X have a series of convenient values, as 0, 1, 2, 3, etc., 
— 1, —2, —3, etc.; 

Find the corresponding values of y; 

Locate the points thus determined, and draw a line through 
these points. 

Ex. 1. Construct the graph of the equation y = l—2x. 

Construct the points (0, 1), (1, —1), (2, —3), 
(3, —5), (—1, 3), (—2, 5), etc., and draw a line 
through them. The straight Hne AB is thus found 
to be the graph of t/= 1— 2 x. 



X 


y 





1 


1 


-1 


2 


-3 


3 


-5 


etc. 


etc. 


-1 


3 


-2 


5 


etc. 


etc. 
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Ex. 2 Graph y= 600-4 a;. 



z 


y 





600 


50 


400 


100 


200 


-60 


800 



Let each space on the y-aTos represent 100, and 
each space on the x-axis represent 50. 
We then obtain PQ as the required graph. 




37. Linear Equations. It will always be found that the 
graph of an equation of* the jfirst degree which contains 
not more than two unknown quantities is a straight line. 
Hence, 

A linear equation is an equation of the first degree. 

38. Abbreviated Method of Constructing the Graph of a 
Linear Equation. Since a straight line is determined by 
two points, in order to construct the graph of an equation 
of the first degree, it is sufficient to construct any two points 
of the graph and draw a straight line through them. 
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Ex. 1. Graph 3 x-2 2/ = 6. 

Whena;=0,y=-3; 
when y^Of x=2. 
Hence, the graph 
passes through the 
points (0, —3) and 
(2, 0), or CD is the 
required graph. 

The greater the dis- 
tance between the 
points chosen, the 
more accurate the 
construction will be. 
It is usually advisable 
to test the result obtained by locating a third point and observing 
whether it falls upon the graph as constructed. 

If the given line does not pass through the origin, or near the 
origin on both axes, it is usually best to construct the line by 
determining the points where the line crosses the axes as was done 
in the above example. 

EXERCISE 47 

1. Draw axes and locate the points (—4, 3.5), 
(-2.6, 0), (0, 3.2), (-1.8, -1.2)^ 

2. A point moves with reference to two axes so that 
its ordinate is always 3. What is the locus of the point? 

3. A point moves with reference to two axes so that 
its abscissa is always 2. What is the locus of the point? 

Graph the following: 



4. y = x—Z. 

6. 3x+4y = 12. 

6. 3a:+2 2/=9. 

7. 2y = x. 

8. .3a;+.5y=l. 

9. 2a;+3 2/ = 600. 



10. 200x+y=600. 

"• "2"^2^- 

12. x=3. 

13. y=4. 

14. y- 3.5 a: =2.4. 
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16. x = 2(i/-l). 17. x = 0. 

16. a;=400-3a;. 18. y = 0. 

19. Construct the graph of M=^t, the vertical axis 
being that of M. By use of this graph find the value of M 
when t = 10. 

What is the meaning of this problem as appUed to the 
formula obtained in Ex. 21, p. 87? 

20. By use of the graph obtained in Ex. 19, find t 
when ilf = 8. What is the meaning of this example in 
relation to Ex. 21, p. 87? 

X— 3 1 

21. In graphing ~"2~~2^' ^^^ ^ ^^ ^^ advantage to 

solve for y before substituting successive values of x in 
the equation? 




39. Graphic Solution of Simultaneous Linear Equations. 

If we construct the graph of the equation 2y+3a;=— 5 
(the line AB) and the graph of 4y+x = 5 (the line CD), 
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and measure the coordinates of their point of intersection, 

we find this point to be (—3, 2). 

If we solve the pair of simultaneous equations 

' 2y+3x=-5 
" , . ^ by the ordinary algebraic method, we 

find that x= —3 and y = 2. 

In general, the roots of two simuUaneous linear equations 
correspond to the coordinates of the point of intersection of 
their graphs; for these coordinates are the only ones 
which satisfy both graphs, and their values are also the 
only values of x and y which satisfy both equations. 

Hence, to obtain the graphic solution of two.simulta- 
' neous equations, 

Draw the graphs of the given equaiions, and measure the 
coordinates of the point (or points) of intersection. 

Graphing two simultaneous equations is a convenient 
method of testing or checking their algebraic solution. 

40. Simultaneous Linear Equations whose Graphs are 
Parallel Lines. Construct the graph of 3x— 2^ = 6 and 
also of 3x — 2y = 2. 

You will find that the graphs obtained are parallel straight lines. 
Now try to solve the same equations algebraically. You will find 
that when either x or y is eliminated, the other unknown quantity 
is eliminated also, and that it is therefore impossible to obtain a 
solution. The reason why an algebraic solution is impossible is 
made clear by the fact that the graphs, being parallel lines, can- 
not intersect; that is to say, there are no values of z and y which 
will satisfy both of these lines, or both equations, at the same 
time. 

41. Graphic Solution of an Equation of the First Degree 

of One Unknown Quantity. By substituting for y in the 

f y=2 X— 5, 
first equation of the pair ^ the two equations 

L 2/ = 0, 

reduce to 2 a;— 5=0. Accordingly, the graphic solution o* 
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an equation like 2x— 5— can be obtained by combining 
the graphs of y = 2a;— 5 and y = 0. In other words, the 
root of2a;— 5 = 0is represented graphically by the abscissa 
of the point where the graph of y = 2x— 5 crosses the 
X-axis. 

EXERCISE 48 

Solve both algebraically and graphically: 

1. 2x-7 2/ = 9. 
5x+3 2/ = 2. 

2. 3x-2y = l. 
» = 2-a;. 

8. x+3+5y=0. 
7a;+8y=6. 

L x=3. 

2j/+3x = 5. 

6. 3x+2y = 21. 
y=2z. 

D« X =— = 0. 

. o , g+lO 
4y=3H — g—. 

14. Draw the graphs of 2 y+3 x+6 = and 4 x—y+5=^0 
and on the diagram estimate to the nearest tenth the values 
of X and y at the point of intersection of the graphs. 

( 8x-i-5v= 9. 

15. Solve graphically to the nearest tenth «, 

3a:-2y=4. 

\9x-6y=4. 

Can you solve this pair of equations algebraically? 
Give reasons for your answer. 

17. Construct the triangle whose sides are the graphs 
of the equations 3y+Sx = 26, 4 2/— 9x = 15, 7y—x+lS 
sQ, and find the coordinates of the vertices of the triangle. 



7. 


6x-5y=3. 




5x-Qy=8. 


8. 


y=3 x+9. 




2x+7y+6=0. 


9. 


2y-x = 2. 




y=2. 


10. 


x-4y=6. 




y+l=0. 


11. 


y=0. 




I/=2x+3. 


12. 


Solve graphically 2 «+3 = 0. 


13. 


Solve graphically 3 x — 5 = 0. 



16. Construct the graphs of 
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18. Construct the quadrilateral whose sides are the 
graphs of the equations 2/+2a;=10, 5y+2x = 26, 
y+llx+16=0j &y—5x+25 = 0, and find the coordinates 
of the vertices of the quadrilateral. 

42. Graphical Solution of Problems. 

Ex. 1. A man starts to walk toward a certain place at 
the rate of 4 miles an hour. After he has gone 8 miles, 
a boy on a bicycle starts after him and goes at the rate of 
6 miles an hour. Show graphi- 
cally how many hours and how 
many miles the boy will have to 
travel in order to overtake the S4 mu 
man. 

On the diagram each space on the 
horizontal axis represents 1 hour, each 
space on the vertical axis represents 
four miles. Then the line OC repre- 
sents the relation between the num- 
ber of miles and number of hours 
traveled by the boy and AB in like manner represents the motion 
of the man after the boy starts. 

Hence, the time the boy travels is 4 hours, and the distance he 
travels is 24 miles. 

The point P, where the two graphs intersect, determines the num- 
ber of hours and miles traveled before the boy overtakes the man. 

These results may be checked algebraically by noting that if 
d denotes distance (or number of miles), and t time (or number 
of hours) after the boy starts, the equation for the distance traveled 
by the man is d=8+4«, and that for the boy ^=6^. Solving 
these equations, (2=^24, and 1=4, 

In other words, AB is the graph of the equation d=8+4 1, and 
OC is the graph of the equation d=6 i. 

Ex. 2. The cost of making a certain article by hand h 
$50 each. If the article be made by machinery, the 
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of preparing the machinery will be $240, after which each 
article can be made for $10. How many articles must be 

made before the use of ma- 
chinery becomes profitable? 

Let each space on the vertical 
axis represent $40. Then the 
line AB (graph of formula 
c=240+10 n) represents the cost 
of the machine-made article, 
and OC (graph of the formula 
c=50n) represents the cost of 
the hand-made article. 

The two lines intersect at P. 
Hence, 6 articles must be made 




1 2 3 4 5 6 7 
NUMBER OF ARTICLES 



8 



before the use of machinery becomes profitable. 



EXERCISE 49 

Solve the following graphically and check by the use of 
formulas: 

• 1. A boy started to walk toward a certain place at the 
rate of 3 miles an hour. After he had gone 9 miles, another 
boy on a bicycle started after him and went at the. rate of 
6 miles an hour. How many hours and how many miles 
must the second boy go in order to overtake the first? 

2. A freight train started from a certain' station and 
proceeded at the rate of 20 miles an hour. After it had 
gone 30 miles, it was followed by a passenger train going 
40 miles an hour. How many hours and miles will the 
passenger train have traveled before it overtakes the 
freight train? 

3. The cost of manufacturing a certain article by hand 
is $10 each. If the article be made by machinery, the 
cost of preparing the machinery is $180, after which the 
cost of making each article is $4. How many articles 
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must be made by machinery before such manufacture 
becomes profitable? 

4. A merchant wishes to send a ckcular letter to a 
number of his customers. He finds that to prepare type- 
written copies will cost 5 cents a copy, but that to have 
the letter printed will cost $6 for the first hundred copies, 
and $1 for each hundred after that. What is the least 
number of letters he must send to make it pay to have 
the letters printed? 

Sua. Observe that ,the cost of preparing to have the letters 
printed is S4, that is, $5 less SI (the cost of printing the first hun- 
dred copies). Hence the cost of printing the letters may be stated 
as $4 plus $1 for each hundred copies. 

5. At a certain place it costs 20 cents each to hew 
railroad ties by hand. After spending SIOOO for machinery, 
they could be sawed for 4 cents each. How many would 
have to be sawed before it became profitable to use 
miichinery? 

6. After spending $600 in getting special training, a 
youth obtained a position which paid a weekly wage of 
$10 with an increase which amounted to $2 a week. At 
the same time a friend, who had begun working earlier 
without waiting to get an education, was receiving $15 
a week with an increase of 75 cents a week. How many 

>/ weeks must elapse before the weekly wages of the educated 

youth will equal that of the other? When will it be $12 
greater? 

7. A boy starts from a certain place and travels at 
the rate of 8 miles an hour. Three hours after he starts, 
another boy goes after him on a motorcycle and travels at 
the rate of 32 miles an hour. How many miles and how 
many hours must the second boy travel in order to over- 
take the first? 



CHAPTER V 

INVOLUTION AND EVOLUTION 

Involutiojn 

43. Involution is the operation of raising an expression 
to any required power. 

Since a power is the product of equal factors, involution is a 
species of multiplication. In this multiplication, the fact that the 
quantities multiplied are equal leads to important abbreviations of 
the work. 

44. Law of Exponents or Index Law. 

Since a^ — aXaXa, 

{cP)^=^{aXaXa){aXaXa){aXaXa){aXaXa) 

In general, in raising a" to the m" power, we have the 
factor a taken mXn times, or 

(a»)"» = a"»» I. 

Also, {ab)^ = abXabXabXab, . . to n factors 

= {aXaXa . . . to n factors) (6X6X6 ... to n factors) 

.-. (a6)» = aW II. 

This law enables us to reduce the process of finding the 
power of a product to the simpler process of finding the 
power of each factor of the given product. 

98 
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46. Law of Signs. It is evident from the law of signs 
in multiplication that 

(1) An even power of a quantity {whether pltis or minus) 
is always positive. 

Thus, ( - 5 06) * « 625 a*6*. 

(2) An odd power of a quarUity has the same sign as the 
original quantity. 

Thus, (-2a)'^=-128a». 

46. Involution of Monomials in General. Hence, to 
raise a monomial to a required power, 

Raise the coefficient to the required power; 
Multiply the exponent of each literal factor by the index of 
the required power; 

Prefix the proper sign to the resuU. 

Ex. (-5 0^)^ = 625 a8a;i2. Ans. 

47. Powers of Fractions. By a method similar to that 
used in § 44, it can be shown that 






Hence, to raise a fraction to a required power. 

Raise both numerator and denominator to the required 
power J and prefix the proper sign to the resulting fraction. 



TT / 3ay y_ 27 a%^ , 

^^- V ^^y^J ■" 125 xV* 



EXERCISE 50 



Write the square of 

1. 7 c^b. 3. — 13 x^y. 3 x af^y^ 

2. -|x2^. 4. -4 2/'-2. ' ""5l2- • "Wz 
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Write the cube of 



8»* **• ^-2* 



7. 3x22/3. ^3^ 5^ ^ 

8. -5^2,. ^- 4 2/2- '^- 7^2.. "• 

Write the value of 

12. (7afc2c3)3. 16. (-2x8)7. 

13. (|x2j,)4. 16. (-im2)«. 

17. (3J«2»)3. 



19. 



/ 5a* V 
V 3o»-7 • 



^*' \ o"2 / ■ 18. (.003)3. -*"• 2\3) ' 

21. The number 5,000,000,000 may be expressed in a 
brief form by the use of an exponent thus, 6X10®. Simi- 
lariy, express 19,000,000,000,000 in a brief form. Compare 
the number of figures in the long and short forms. 

22. The nearest fixed star is approximately 20 millions 
of millions of miles from the earth. Express this nimiber 
in a brief form by the aid of an exponent. 

23. Give the value of 2X3^, (2X3)2. 

24. Give the value of each of the following: [( — 2)3]2, 
[(-2)2]3, [(-3)2]2. Does [(-a)3]2 equal [(-a)2]3? 

26. Does 2X3^ equal 6«? Does ^{4fi) equal 2«? 

26. Given 2^ = 32, find in the shortest way the value of 
210. Alsoof2i«. Of 212. 

27. In a^-afi, how many x's are multiplied together? 
How many in (x3)6y Write out in full each of these set of 
factors. 

28. State how many x's are multiplied together in 
[(x2)3]4. Alsoin(x2)3.a4, 

29. In reducing -^7^ to its simplest form, is it allowable 

to cancel the 5's? Why? Is it allowable to cancel the 3's? 

30. Does 23x2* equal 4^? Give a reason for your 
answer. The value of the second expression is how many 
times as great as that of the first? 
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81. Express as a power of 2 the number of great-grand- 
parents a person has. Also the number of great-great- 
great-grandparents. 

32. If a decimal fraction contains four places, how many 
places will its square contain? Its cube? Its fourth 
power? Give a numerical illustration of your answer to 
the first of these questions. 

33. Show that 2^X5^ = 10®. Is there any advantage in 
knowing that 28X58 = lO^? 

48. A Root of a given quantity is a quantity which, 
taken as a factor a certain number of times, will produce 
the given quantity. 

Evolution 

49. Evolution is the process of finding a required root 
of a quantity. 

What is the radical or root sign? What is the meaning 

of V9? Of ^a? Of V7? 

60. Number of Roots. Taking a particular example, 

we find that Vi has two values, viz.: +2 and —2, for 
(+2)2=4 and (-2)2=4. 

A number containing a square root of a negative quan- 
tity is termed an imaginary number. 

A real number is a niunber which does not contain an 
imaginary number. 

The nature of the square of an imaginary number, as of V— 4, 
is explained on page 136. 

If we include imaginary roots, it may be shown that when any 
root of a given number is extracted, the number of possible roots 
equals the index of the root to be extracted. 

Thus, in taki ng th e cube root of 8, we find three possible roots; 
viz., 2, -1+ V^, and -1- V^. 
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61. The Principal Root of a number is that real root of 
the number which has the same sign as the number itself. 

Thus, the principal root for Vi is 2; for ^^is 3; for ^^^ 
is -3. 

In this c&apter, only the principal roots of numbers are con- 
sidered. 

52. Index Law. Since (a«)"=a«" (§44, p. 98), it 

follows that 

v^a™"=a"*, I. 

where m and n are positive integers. 

Hence, finding the root of a quantity affected by an 
exponent becomes simply a division of exponents. 

Also, V!a6 = v^v^6. II. 

For, let \^=^x, \^b = y; 

.'. x"=a. ... (1) 2/"=6 (2) 

But xV = i^y)'' (by § 44) . 

Substituting for x" and y^ from (1) and (2), 

a6 = (v^v^)« (3) 

Extracting the nth root of each member of (3), 



This reduces the process of finding the nth root of a 
product to the simpler process of finding the nth root of 
each of the factors composing the product. 

63. Method. Hence, to extract a required root of any 
monomial. 

Extract the required root of the coeffiderU; 
Divide the exponent of each letter by the index of the re- 
quired root; 
Prefix the proper sign to the result. 

How may the work be checked? 



» 



INVOLUTION AND EVOLUTION 103 

EXERCISE 61 

1. Write the square root of 16 a^x®, 9 x®j/®, ^ (i^o?}^^ 

Write the value of 

2. V81^2^. 6. </\^ a*6». ^ 4/8I . 12* 

^- \16 ^ • 

3. </2l'a%^. 6. ^32a«xio. ^^ 

4. ^-27a«fc«. 7. ^64 a^H^. ^' \-243FS* 
Find the value of x in each of the following equations: 
10. x* = 81. • 11. x7 = 128. 12. x«=-32. 

64. Square Root of Polynomials. In squaring a tri- 
nomial, a+6+c, we may regard a+6 as a single quantity, 
and denote it by a symbol, as p. We then obtain the 
square in the form p2+2 pc+c^. 

► Evidently we may reverse this process, and extract a 
square root to three terms by regarding two terms of the 
root, when found, as a single quantity. Similarly, a fourth 
term of a root, or any number of terms, may be obtained 
by regarding the root already found as a single quantity. 

Ex. Extract the square root of a^+lOa^ft+lQa^ft^^ 
30a63+9 6*. 

o<+10 0*6+19 d«6«-30 a6»+9 6^ | o«+5 a6-3 6«. Bm%. 



2 o«+5 ab 



10a»6+19a«6» 
10 a»6+25 a»6« 



2a>+10a6-3 6» 



-6a»6«-30a6»+9 6« 
-6a«6«-30a6»+9 6< 



Check the work by squaring the resiilt obtained, or by numerical 
substitution. Let the pupil state the above process as a rule. ^. 
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66. Square Root of Arithmetical Numbers. The same 
general method as that used in § 54 may be used to extract 
the square root of arithmetical numbers. 

The details of the method of extracting the square root of num- 
bers are explained in arithmetic (see DureWs Advanced ArOhmetic), 
As an illustration of the process, we give the following example: 

Ex. Extract the square root of 679.6449. 

679.6449 | 26.07. BooL 
4 
46' 



279 
276 



5207 



36449 
36449 



EXERCISE 62 

Extract the square root and check: 

1. 29 62-26 6*+12 66-14 63-10 6+9 6«+l. 

2. 4p«-12 62p3+20p8+9 6*-30 62+25. 

3. o2-2 06+62+25+10 a- 10 6. 

4. 24 a«6+24 o65+9 o» +9 6«-8 o*62-8 o26*-50 036*. 
6. 22a;4-20a?+4-4a;+17«2+9««-24x». 

,4 , 6* , o63 2 o«6 8 o268 
'• '^■'■4 ■'■3 3~ ~9~"' 

8. 4p2_|p_4p3+^+4p4. 

Find the square root of 

9. 283024. 11. 8042896. 13. .64048009. 
10. 9312.25. 12. 4916.8144. 14. 10.06476625. 
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Find the square root to nearest thousandth: 

15. 17.5 17. .4. 19. ^. 21. 9.0042. 

16. 7f. 18. 9^. 20. .081. 22. 176.5. 

23. In extracting the square root of f, what is the 
advantage of reducing § to a decimal fraction before 
extracting any root? 

Compute to three places the value of 

24. Vz+V2. 26. V4V7-V6. 26. ^3(V7+^) . 

27. Find the altitude of an equilateral triangle whose 
side is 27 in. 

28. Find the side of an equilateral triangle whose alti- 
tude is 27 in. 

29. Find the side of a square whose diagonal is 36 in. 

30. If a city park is 800 yd. long and 600 yd. wide, 
how much is saved by walking from a comer to the 
opposite corner along a diagonal instead of along the 
sides? How much time does a man save in a year by 
walking thus, if he walks at the rate of 4 miles an hour, 
and crosses the park four times a day on 300 days? 

31. If i£: = Vs(s-a)(s-6)(5-c), a = 126, 6 = 50, c=148, 
8 = i{a+b+c), find K. What is the meaning of this 
process in geometry? 

32. Find in feet the radius of a circle whose area is one 
square rod. 

33. Find in feet the length of the tether by which a cow 
must be tied in order that she may graze over two fifths 
of an acre? 

34. It 4 7rfi2 = 200 sq. in., and t=^, find R. What 
is the meaning of this process as applied to the sphere? 

35. The area of California is 158,300 sq. mi. Find the 
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aide of a square haviog an equivalent area. How may 
you then visualize the area of California? 

36. By the use of the method of Ex. 35, visualize the 
area of the state in which you live. 

37. A bushel measure is to be square and 12 in. deep. 
Find in inches the inside edge of the square top. 

38. The inside dimensions of the bottom of a trunk 
are 27 in. and 39 in. What is the length of the longest 
umbrella which can lie flat on the bottom of the trunk? 

39. What is the diameter of the largest wheel that can 
be made to pass through a door 40 in. wide and 7 ft. high? 

6S. Dissected Bar Graphs. 

Ex. The enrollment of boys 
and girls in a certain high 
school by grades is given in the 
adjoining tabulation. Make a 
graphical representation of 
these numbers by the use of 
bars divided into parts. 

The graphical representation is ^ven in the diagram below. 
In each bar the left-hand or black part lepresente a number of 
boys, and the right-hand part represents the corresponding num- 
ber ot girls. 





Both 


QlBLS 


2d year 
3d year 
4th year 


64 
48 
30 


102 
97 

82 
70 
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EXERCISE 63 

Make dissected bar graphs 
for the following: 

1. In a certain college the 
numbers of men and women 
students in the different 
classes were as follows: 

2. The parts of the cotton crop of the United States 
(in millions of bales) used at home and abroad in the years 
specified were as follows: 





Men 


WOMBN 


Freshman 
Sophoniore 
Junior 
Senior 


432 
402 
386 
354 


316 
256 
203 
122 



Year 


1870 


1880 


1890 

• 


1900 


1910 


1920 


Used at home 


1.1 
2 


1.9 
3.8 


2.4 
4.9 


3.5 
5.9 


4.3 
6.8 




Exported 







Pasbbnoer 


1 Freight 


1st railroad 
2d railroad ' 
3d railroad 


68% 
37% 
46% 


32% 
63% 
54% 



3. For three different 
railroads the per cents 
that the passenger and 
freight receipts were of 
the total receipts were as 
follows in a given year: 

4. In a certain year in two different states, the per cents 
of native white, for- 
eign-born white, and 
colored population 
were as follows: 

(Dissect the bar 
for each state into three parts.) 

6. In two successive years the sales of a company 
were as follows: (Dissect each bar into four parts.) 





Native 
White 


Foreign 
White 


Colored 


1st state 
2d state 


88 
56 


10 

4 


2 

40 



1st year 
2d year 



Coal 



$24,500 
28,700 



Lumber 



$32,800 
22,700 



Lime 



$6,500 
7,610 



Fertilizers 



$12,010 
13,216 
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■ 

LiTERATBS 


Illitbratbb 


1st state 
2d state 
3d state 
4th state 


98.3% 
94 
88 
71 


1.7% 

6 
12 
29 



6. In a given year in 
four different states in the 
United States, the per 
cents of literates and illit- 
erates were as follows: 

Make circle graphs for 
the data in Exs. 7, 8, and 9. 

7. The per cents of the population formed by the differ- 
ent races of the world are as follows: Yellow, 45; white, 
41; black, 11; brown, 2; red, 1. 

8. Of 100 tons of coal burned in locomotives, the 
following are the pej cents utilized And lost or wasted in 
various ways, on the average: Utilized in boiler, 41; 
lost through radiation and leakage, 23; lost in gases in 
smoke-stacks, 10; unconsumed in ashes, 12; lost in other 
ways, 14. 

Represent these figures also as a dissected bar. 

9. A certain man distributed the 24 hours of an 
ordinary day as follows: sleep, 8; hard work, 6; light work, 
4; meals, 2; recreation, 4. 

Represent these figures also as a dissected bar. 



EXERCISE 6i 

Review 
Solve and check: 

# 

1. The length, width, and height of a room in feet are {, w, h, 
respectively. The walls of the room contain n windows each 
bXc inches and d doors each eXf inches. Obtain a formula for 
the cost (c) in dollars of lathing and plastering the walls and 
ceiling of the room at p cents per square yard, deducting one half 
of the door and window space. 

Make up a numerical example and solve it by use of this formula. 

2. Solve for x and check: 

i(x-a)-i(2a;-3 6)-i(a-ic) = 10a+115. 
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3. Factor: 

(1) a(4a+4 6)+6». (3) 2a-2h+ax-hx. " 

(2) .0016-x*. (4) x"-L 

(5) x*+ll a;»+41 x»+61 x+30. 

Graph the numerical facts given in Bxs. 4, 5, 6, in each case 
selecting the most appropriate form of graph. I 

4. The numbers of subscribers' stations on the Bell telephone 
sjrstem and its connections in the United States were as follows 
in the years specified (in graphing let each space on the vertical 
axis represent 500,000). 



Ybar 


1880 
31 


1885 
148 


1890 
212 


1895 
270 


1900 
677 


1905 
2005 


1910 
5143 


1915 
8649 


1920 


No. of thousands of 
stations 


11,796 



6. The per cents of proteins in six important foods are as 
follows: Oatmeal, 16.1; whole wheat flour, 13.8; white flour, 11.4; 
com meal, 9.2; rice, 7.8; potatoes, 2.2. 

6. A certain business disposed of its total revenue for a year as 
follows: Salaries and wages, 50 %; purchase of materials, 22 %; 
dividends, 12 %; taxes, 5 %; surplus, 5 %; insurance, 3 %; 
miscellaneous expenses, 3%. 

7. Using suitable letters, make a formula for the entire weight 
of a wagon and its load, which consists of three sets of like objects 
(see Ex. 17, p. 86). 

8. Extract the square root of z*+A x'— .96 x*— .2 X+.25. 

9. A half-mile running track is to have the shape shown in 
Ex. 4, p. 85. If the radius of the semi-circular ends is to be 
200 ft., by use of the formula obtained in Ex. 4, p. 85, find the 
length of the straight sides of the track. 

10. Eliminate p between a=hp+c and d—Vp+f. 

11. Compute the numerical value of V 5.2-[-2v372 to the 
nearest himdredth. 

12. Solve x+3 2/+3 2J=l, 3x-52=l, 9y-f-102+3x=l, and 
check. 
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13. Simplify 



4: ax a*— X* a*— ax 



and check by letting a^l, 



3 by c*— x* ' bc+bx 
6=2, c=3, x=4, and y=5. 

14. How much milk containing 3.4% of butter fat must be 
mixed with how much cream containing 26.5 % of butter fat to 
make a mixture of 100 gal. containing 12 % of butter fat? 



15. Solve r 



4C7^^) 



for c. 



16. Solve graphically to the nearest tenth 3x+5y=8 and 
4x-3 2/=12. 

17. How much pure alcohol must be added to 2 gallons of a 
mixture which is 80 % pure to make a mixture which is 90 % 
pure? 

18. Divide both sides of the formula v=lwh by Iw, What is 
the meaning of the result? 

19. The following table gives the population (in millions) of 
the British Isles, France, Germany, and the United States in the 
years specified. 



• 

Ybab 


16 


o 

00 

18 


i 

00 

1-1 

21 


tH 


o 


M 


vH 


00 

31 


35 


i 

00 

38 


41 


o 

a 


i 


British Isles 


24 


26 


27 


29 


45 




France 


27 


29 


31 


32 


34 


36 


37 


36 


38 


39 


39 


40 




Germany 


22 


23 


26 


30 


32 


35 


38 


41 


45 


49 


56 


65 




United States 


5 


7 


10 


13 


17 


23 


31 


39 


50 


63 


76 


92 





Graph these four sets of figures on one chart. From the chart 
determine as nearly as you can the year in which the populations 
of the following countries were equal: (1) British Isles and United 
States; (2) France and Germany; (3) British Isles and France; 
(4) British Isles and Germany. 

20. A man has an income of i dollars. All of this above $2000 
is subject to a tax of a per cent (expressed decimally), and all 
above $5000 is subject to an additional tax of b per cent expressed 
decimally. Denoting thd total tax by T, obtain a formula for T. 

By use of this formula, find the income tax of a man whose 
income is $5800 when a=4 % and 6=2 %. 



CHAPTER VI 

• EXPONENTS; RADICALS; IMAGINARIES 

67. Positive Integral Exponents. Using a? as a brief 
symbol for aXaXa, and a** as a brief symbol for aXa 
XaXa . . . to m factors, we have already found the 
following laws to govern the use of positive integral ex- 
ponents: 

I. a'"Xa"=a"'+". III. (a~)" =a*"". 



a^ IV. V a*^" = a* 

a* . V. {aby =a%^. 

We shall now find that it is both possible and desirable 
to regard these laws as true when m and n are fractional 
and negative numbers. 

68. I. Meaning of a Fractional Exponent. By addition 
of exponents, a^Xa^Xa^ — 0^+2+2 = ^^^ 

If we apply the same method to fractional exponents, 
we get, for example, 

a!XalXai=af+i+!=a*=a«. 

that is, a' may be regarded as one of three equal tactors 
composing a^; that is, a^ is the cube root of a^. 

So, in general, 

2. £. L L 

a« Xa« Xa« Xa« ... to g factors 

&+^+-+. . . to a terms 

111 
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Hence, in general, in a fractional exponent the numerator 
denotes the power of the base that is to be taken^ and the 
denominator denotes the root that is to be extracted. 

Ex. 1. 27* = ^27^ = 3^ = 81. Ans. 

Ex. 2. a^XaiXa^^a^-^i-^i^a^. Ans. 

Ex. 3. v^x«+*.2V-* = 2V+'^-2V-*=22x2«=4r^«. 

Ans. 

Note that in Ex. 1 it is best to extract the required root first. 
In the examples which involve letters, the work may often be 
checked by numerical substitutions. 

EXERCISE 65 

Express with radical signs: 

1. X*. 3. 3 6i. 6. 5xiyi. 7. 5 J'. 

2. X*. .4. 2a*6*. 6. Sa^x*. 8. ab^y 
Express with fractional exponents: 

9. \^¥. 11. 5v^. 13. <^\^. sx^ 

10. Vx. 12. a<^. 14. Zy/a</y. * ab^^Tc 
Find the value of 

16. 9*. 20. \^. 24. (-125)*. 28. (.25)«. 

17. 16*. 21. </W. 26. (i^)*. 29. (.36)*. 

18. 81*. 22. (-27)*. 26. (-^fr)*. 30. (.125)^ 

19. v^2. 23. (-32)* 27. (if)*. 31. (.008)' 
Simplify by performing the operations indicated: 

32. (i^X(^. 36. 3*a*X3*a*. 38. 2*X2*. 

33. 3 6*X2 6*. 36. (^XoS. 39. >J^V5^. 

34. a*jt/*Xa*2/*. 37. (^-^a^. 40. 6*Var^xi . o. 



fl-2 
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41. 3*.3*'.3*. ^^ 3a*V^4v^aV^ 

46. 



42. y'^'^^-y^ 



«+».-/»-» 



5Vb dVb^ 

4 1. •/— A/— X" 



43. a?«-2ft.3j3o+2ft^ • >^^7 2*v^' 

Aft Pil.672 . K2.153 

49. a3-7i9^ai-253. 
46. ft'+^-fc^-^-^ft*"", 60. 102-3674^ 101-^31^ 

61. Find the value of 5^ to three decimal plaees. (See 

§ 55.) Also of 5« or Vl25. Multiply the two* results. 
Compare the amount of work in this combination of 
processes with that of finding the valud of 5^. Which 
method gives the more accurate result? 

62. What two parts are there to every power? What 
is the difference between an exponent and a power? 

69. n. Meaning of the Exponent Zero (or of aP). 
By direct division, -j;; = 1. 

By subtraction of exponents, -^ = a®. .'.0^ = 1. 

Thus, a^ may be regarded as the result of dividing seme power of 
o by itself. 

An expression like px«+ga;+r is sometimes written px^+gx+rx^, 
the advantage being that in the latter form every term contains 
anx. 

60. ni. Meaning of a Negative Exponent. 

K we extend Law I of § 57 to cover negative exponents, 

a».a~'*=aO = l. 
a" 



4«' 
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I 

t 

1 1 

Ex. 1. '^'''~23'^8' '^^^ 

Ex. 2. 4-*=~=3. iln«. 

4* 8 

Negative exponents are useful in enabling us to write 
certain decimal fractions in an abbreviated form. 

Ex. 3. Express .000000007 in a briefer form by the 
use of negative exponents. 

61. Transference of Factors in Terms of a Fraction. 

It follows from the meaning of a negative exponent that 
any factor may be transferred from the numerator to the 
denominator of a fraction, or vice versa, provided the sign of 
the exponent of the fa^or is changed. 

Ex. 1. Transfer to the numerator the factors of the 

denominator of — vto — »• 

a~^(ry^j 

— -7- — 3 = 5 a6" *xyt. Ans. 

Ex. 2. Express with positive exponents q ^-2 -a * 

5 ax" ' 5 ab^i 



■• 



3b-^-i 3aj« ' 



EXERCISE 66 



Ans. 



Transfer to the numerator all the factors of the denom- 
inator in 

1 ^ 2 -^ 3 1^ 4 ^ 



o^fts- - a^-3- --3««* '• 4-ia*ft-i" 



5 



•2' 
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Express with positive exponents: 
6. a%-'. 7. 5a-2j/-l. 9. 3(-y)-». 

Obtain the value of 

11. 9-K l-» 21. (12i)-*-^(i)-». 

13. 1_. 17. 4-2x8-'. ^^* '3+3 

18. (.125)-*. /6\-a 

iHl' 1». (.0626)-*. W 

8-* 3 24 2-«-3-'-4-* 

16. ^_2. 20. 4_2^3_2. • go.g-i.g-*" 

25. Express .000000003 in a briefer form by the use of 
negative exponents. How many more figures and symbols 
are there in the first form than in the second? 

26. Express .000000001 in a briefer form by the use of 
negative exponents. 

27. Express 10~^ as a decimal fraction. Also 17X10""*. 
Give the value of 

28. 50, 5000, 0', (^y, (-7)0, (a+6)o, |. 

29. 8X50, 5^|y, 3 aO, (3 a)o, 9*^3o, ^. 

80. 1* 1-*, 10, llxi"*, 9*X1*, 5-40X1"* 

31, 8"'X16*X20. 82. 4-2x8* +2-3. 

38. Express x9 as some power of x divided by itself. 

84. Express 4""^ as the quotient of two powers of 4. 

86. State the value of $4o. Of $4-2. $4-*. 

36. Which is the greater, (i)-2 or (J) -8? 
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Simplify the following by performing the indicated 
operations, and reducing the results: 

37. 6a*x-*aM. 39. Sa-^-h2a-^. 

38. 8x-*y-^4xV- *0- x^\^~8x-^. 

41. — «/ 42. rxh n-h • 43. 



_2 /-— _2_2ny— - 

44. a**?/ 2 --y'^Va-^". 45. . 46. ^ n/— ^ - 

Give the value of 

47. 4-*+8*-a)-^. 48. 40+3x0-5X4-*. 

49. ;;— s =—ii. 50. r-TT— 7. 51. 



3-2_5-2- — a-1+6-1* " • x-i~2/-i' 

62. Meaning of (a'")'* for Fractional and Negative Expo- 
nents. We now extend the law (a*")" = a'"" to fractional 
and negative exponents. 

Ex. 1. Find the value of (9^)-?. 

(9f)-«=9-.=^.=4 Ans. 

Ex. 2. Find the value of (9 a'^x^ y"^)"*- 

(9 a-«a;*2/-»)~* = 9"*a^"M 

= •. Ana. 

27 a;* 

Ex.3. \/Vx = v^ = (xi)J = xi. Ans. 

Ex. 4. ( Vox)* = (a*x*)* = o2x2. ilns. 

Hence, in general, to simplify a complex expression in 
exponents. 

Convert each radical sign into a fractional exponent; 
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Convert each power of a power into a power with a single 
exponent; 
Convert each negative exponent into a positive exponent; 
Simplify by cancellations and collections. 



Reduce to simples 

1. (43) -i. 

2. (x-3)l. 

3. (54)0. 

4. (64*)*. 

5. (4 a*)*. 

6. (9 6-i)-2. 

7. 2^+^.2''"*. 

8. (2«+*)«-^ 

9. (a:"*2/*)"®. 



EXERCISE 67 

form: 



0. 

1. 
2. 

3. 

4. 

6. 

6. 

7. 

8. 



4 a-^-^x)K 

27*)-*. 

5 a-4)o. 

-3 a26-*)~3. 
49x-V)"*. 



27. 



(a») 



n\ii+2 



^n+vl.^n-r 



28 



/ 27 XV y 
\8 2/*V^ 



19. Vv^. 

20. (v^)2. 

21. (Vax)«. 

22. {<^)\ 

23. (V^)i2. 

24. [V(o-6)3]4. 
26. ^x-V^. 

26. (-?^)"* 
\9v^F2/ 



63. Polynomials whose Terms Contain Fractional or 
Negative Exponents. 

Ex. 1. Multiply 

x^^—2x-iyi+4:y by x'~^+2x'iyi+^y, 

x-i— 2x-i2/J+4y 
x'-^+2 x-iyi+A y 

x-i—2 x-iyi+4: x-^y 

+2 x-iyi-4: x-^y+8 x-iyi 

+4 x-^-S x-iyi+16 y^ 



. — 2 



+4iX-^ 



+16 2/2. Product. 
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'Ex.2. Eztnet the square root (rf 

a-l+?-2o-J+^-8a-»+l. 

Writiog the cipusttuon by tm of exponents only, 

a'i+S a-«-2 a~*+16 a"*-8 a~*+l| fl~>+4o"> 

2 a-f+4 a"* 8 a-»-2 a""*+16 a"* 

8a-» +16 a~* 



-1 



2a"^+8a~*-l 



-2a~*-8a"*+l 
-2a~*-8a"i+l 



L Arrange 6x~2+3+4x2— 3x— x~* in descending 
order of magnitude. 

Also arrange a-J"— a~*+a*— l+ai" in ascending order. 
Multiply: 

^ 3x*-2x*+3xi+4by 2xi-3. 

8. 3a-2-3a-?+2by 3a-2-2a-^ 

4. 3a*-2a*6'-4 64by4a*-3fc'. 

5. 3x*-5x*+4by 3-4x-*. 

6. x~2— x"^y+2/^ by x~^+x^^y+y^. 

7. xl-xV+2 2/* by 2/'"*+x""*2/""*+2 x~*. 

Rearrange and then multiply: 

8. 2x2+5-3xby 2x-i-6+3x-2. 

9. 3 x*+2 x-*-x* by x"*+2 x*. 
Divide: 

10. 4x-2-4x-i+l by 2x-i-i. 
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11. 6 o*-a+l by 2 a^+ai. 

12. 3 o-*-4 0-2-4 by 3 0-2+2. 

13. x~^—y^ by x~^—y. 

M. 0-2+0-16+62 by a-i-o-*6*+6. 

16. 2 d-»+3+o+6 o2 by 2o-*-a*+3 a*. 
Extract the square root of 

16. a-*-6a-3+13o-2-12o-H4. 

17. 4«2_i2xl+7a;+3x*+i. 

18. 9x4-12a;-26xJ+20a;*+25. 

19. 4a*+12a36-i+a26-2-12a6-3+46*. 

20. i6xJ+24aM-7o-12o*a!-*+4a2s-l. 

21. 13-12 6-*+6*-6 6*+4 6-*. 

EXERCISE 69 
Ohal 
Give the value of each of the following: 

1. 4*, 4-5, 4->, 4», (4-«)-i, (4-»)», ^. 

«. (♦)*,(♦)',(*)"*, 4i+(i)i. 9. (ai+6i)(ai-6*). 
3. x'+'-x*"-', (x«+»)-». 10. (at+6«)(o*-6«). 

4_ ^.+»^-»(3A.+»)2«-». 11 (al_5l)^(oi_ti). 



n+1 n-1 



12. (aJ-''+y)(x-»-y). 



J 6. a; ^ 'X 2 . 

- 6. 2«^^.2-\ ^^- (^*+'*)'- 



7, 2* -2*, 3*-3""l. 



14. (o-*+6*)«. 
X""'— 2/""' 
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Factor: 

16. o*-fc*. IB. o-»-6-». 

17. o*-6i 19. a;7«-9. 

3® 3 3^ 
20. Give the value of each of the following: — , --, —, 3«X5, 

6 6* 6® 

3X60, 30X5», 3»+6S 3«-6, ^ ^ 



2-1 + 3' a-^+h-^' 

21. Give the square root of each of the following: 4 x"*, 4 x"^, 

22. Give the value of each of the following: (.3)-^l-«XPXl"^ 
(.01)*, l"*^4o, (.26)*, (.26)*. 

23. Give the reciprocal of 2. Of |, -i, 4-«, S'Tl"*. 

EXERCISE 60 

Review 
Simplify: 

[ L (t)*+4o-8"'. Also (t)*- 40 -8-'. 

^ 7o»-^^ / 16g-A -i (g— ^)* 1 

a (9a-«>ci2/-»)""*. 
9. Multiply 6 x*-3x*+7 by 2-3 x"*+2x"i 

10. Divide x~*—y» by x"*-y. 

11. Arrange and extract the square root of 

»"'+y'+ic~*2/*— 2 ic~*y — x-Jj/', j 

12. Express 19"* in two other forms. 

1 1 

13. Divide-^ — ^ by Vx— v^. 

X ^ y ^ 
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14. Simplify the following and express the result with positive 
exponents: 

V(a-k;-»pV"')(a~'^'P""'g*^)-^(6c-»p-lg«r-«)• 

- r T. , X 1.4X10-»X2.7X10» 

15. Evaluate -rz . 

4.2X 10-^X8.1 X10» 

16. Simplify 6 a-*6^-5-3V^^^ 

17. Simplify 10»17626^iQl.29l64 

18. Express one millionth of one millionth of an inch in a short 
way by use of a negative exponent. 

19. Express 213X10-^° as a decimal fraction. 

20. Multiply 6+5 a-*— 3 0-1 by 3a«+2a— 3, first arranging 
both expressions in ascending powers of a. 

21. Evaluate (.125) "'+ 



2+2-1* 

22. Evaluate .6X32°; .8X4-«; 12X9""*. 

23. Which is greater (2*)"* or 2»X2-«? How many times 
greater? 

24. Does (x")« equal x"'? Illustrate numerically. 
26. Divide a--6« by ai-6*. 

» 

64. Indicated Roots. The root of a quantity may be 
indicated in two different ways: 

(1) By the use of a fractional exponent; as aK 

(2) By the use of a radical sign; as >/a. 

For some purposes, one of these methods is better; for 
some, the other method. 

Thus, when we have 6»X6•-^6~*, where the quantities are alike 
except in their exponents, it is usually better to use fractional ex- 
ponents to indicate roots. But if we have 7Vl2-6V3+2 Vis^ 
where exponents are alike, but coefficients and bases unlike, it is 
usually an advantage to use the radical sign to indicate roots. 
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66. A Radical is a root of a quantity indicated by the 
use of the radical sign; as Vo, '^. 

The radicand ia the quantity under the radical sign. 

In treating radicals, we deal only with principal rdota 
(see f 51, p. 102), unless the contrary is stated. 

66. Surds. An indicated root which may be exactly 
extracted is said to be rational; as <^, since the cube 

root of 27 is 3. 
A Burd is an indicated root which cannot be exactly 

extracted; as VK, '^. 

67. The Coefficient of a radical is the number prefixed 
to the radical proper, to show how many tunes the radical 
is taken. 

Thua, the coefficient of sV? is 3; of 5{a+b)V^'ia 5(o+6). 

68. Entire Surds. If a surd has unity for its coefficient, 
it is said to be entire. 

69. The Degree of a radical is the number of the indi- 
cated root. 

Thus, "^ is a radical of the third degree. 

70. Similar Radicals are those which have the same 
quantity under the radical sign and the same mdex. 
(The coefficients and signs of the radicals may be unhke. 
Hence, similar radicals must be alike in two respects, and 
may be unlike in two other respects.) 

Thus, sVrand -5^7 are similar radicals. 

71. Fundamental Principles. Since a radical and a 
quantity affected by a fractional exponent differ only m 
form, in investigating ihc properties of radicals we may 
use the properties obtained for fractional exponents. 
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1 11 
Thus, since (a6)" « a"6»' 

/. \/^^y/T'\^, or v^v^=V^a6. 
Similarly, from the properties of exponents. 



v-a^v^=;[l. 



and . (Va)"=(a«)"=a«=Va*. 

72. Simplification of a Quantity under the Radical Sign. 
Ex. 1. SimpUfy tV^250 a^x\ 

Ex. 2. Simplify -^yj^f^- 

2a fSx* 2a jSx* Sa^2a / 24 ax« 
X \27 a" jr \27 a 3 a" x \ 81 a« * 

2a /4x« ~ 4^/:^- - 

EXERCISE 61 
Express in the sin^iplest form: 

1. v^l6 a^xj/^. 6. fVsioW?. 9. ^64 ax^^. 

2. Vl6o^. 6. -iv^25a3&. 10. -^7296V. 

3. v^ie a^xj/^. 7. v^SOxV^ 11. v^432"a2^. 

4. V54a3pc*. 8. axV^^. 12. v'a'+V. 
13. V(4x2+4x+l)y. 14. V(a+6)(a2-62). 



- >/^- »■ Vf^xJo. „. ,^^. 
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Simplify: 

18. 10>/f- W. <^. 20. V3+. 21. <% 

8y • 






»• r* or » / 8 „„ l-X /l+X 

\25o V/a^ l+z\l— a; 

28. (a2-62)^i^. 30. ^p^^. 



29. 



" / g ,. .+i/ (a+6)"+* 

Vfe"-'* _ \(a-6)"+»* 

32. Given V'3 = 1.73205+ , find the value of V1O8 to 
four decimal places in the shortest way. Also that of 

Vl92. 

V 

33. Using V6 = 2.44948+, make up and work an ex- 
ample similar to Ex. 32. 

73. Making Entire Surds. It is sometimes desirable 
to introduce the coefficient of a radical under t^ie radical 
sign. This may be done by reversing the process of § 72. 

Ex. 1. Express 3'>J^5 as an entire surd. 

3^ = -^33x5 = ^135. Ana. 

Ex.2. -2\^=-<^ = </^6. Ana. 

EXERCISE 62 

Express as entire surds: 

1. 5V3. g _£ f25a 9. i<^. 

2. 5^. • 6aV 2 • 

3. 5^. 7 3a /TT 

4. iVf. ^ 11. JV|. 

5. m. *• b^^^' 12. iVJ^. 



10. 
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13. o^ijl^. 15. «'(l-|)*- 

14. 3^^^. 16. (a-ft)^3-^. 

74. Simplification of Indices. If the exponent of the 
quantity under the radical sign and the index of the radical 
sign have a common factor, this factor may be canceled 
and the radical thereby simplified. 

Ex. 1. <^=a*=a* = -^J^. Ans. 

Ex. 2. v^l25 = <^53 = V6. Ana. 



EXERCISE 68 

Simplify the indices of the following: 

1. v^. 6. v^27^. 9. \^S2 aV V^ 

2. v^o^. 6. v^lOO a^sfi. 10. \^9 x^y^z^^. 

3. v^y*. 7. y/Sc^b^. 11. ^TSyV". 

4. v^49. 8. V'SI o^x*. 12. 6v^. 

18. v/a2-4a6+4 62. 14, <^8(a-2 6)8. 

76. Addition of Radicals. 

Ex. 6V4i-10V3i-5VJ+7V24 

=6V^-10VY-5V|+14>/6 
=6V6-8V5-2V5+14V6 
«19V6-10V5. Arw. 
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76. Multiplication and Involution of Radicals. 
Ex. 1. 6V6X2V3 = 10Vl8. 

« 

-30V^. Ans. 
Ex.2. (V3)8=(3J)8=3*=81. Ana. 

EXERCISE 64 

Simplify and collect: 
1. 2v^-3Vl8+V300-Vl62. 

8. oaJTx+-^128 a?x--^250 a^^x. 

a 

4. |Vl62p+20 »V4§-pV'2x«-a^J^. 

6. 5V(a-6)2x-3V(2 a-3 b)H+Va^x+2 abx+V^x. 

7. V(a~6)22/+\/(a+6)2y-Va2^+V(l-a)22/-V^. '• 

8. 4Vi-5V6-3V|+2v^. 

9. Compute to three decimal places the numerical value 

of V5O+V98— V72 without first simplifying and collect- 
ing the radicals. Then simplify first and compute. Com- 
pare the amount of work in the two processes. 

10. State some of the advantages in being able to 
simplify radicals. 

Multiply: 

11. jVibyiA/*; 12. (3Va+5V6)2. 
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13. 4^Jl2 by 3-^. 16. aVa-ftVft by zVab. 

14. (V3^+V66)2. 16. V5-\/7by V5+V7. 
17. tV8+2V32--iV48 by 2V8-iV32+ V12. 

.18. 10V^-4VJ+iV500 by V|:+8V2-iV5. 
19. Vi+2- Va;-2 by Vx+2+Va:-2. 

20. iV^^^+§V^+&2 by iV^2352_iv^2q:52, 

21. In the shortest way find the value of 
(3V^~V5)(4V3+V7)(3V2+V5)(4V3-V7). 

22. (a+V56)2-(a-V66)2. 

23. (V2)8; (V2yo. (^3)6. (-v^)7; (iV2)fl. 

77. Dmsion of Radicals. Reversing the process for 
XDultiplication, we have the following rule for dividing one 
radical by another: 

Find the quotienl of the coefficients for a new coefficientf and 
the quotient of the quantities under the radical signs for a new 
quantity under the radical; 

Simplify the resuU. 

Ex. Divide eVs by 3V6. 



3V6 



=2Vi=2V^=i^3. Qw^ierU. 



EXERCISB 65 
Divide: 



1. V27 by Vs. 4. Vff by Vf. 

2. 8\/i25 by lOVlO. 6. 5V|fby2V^. 

3. 3V405by9V45. 6. V^hy Vbc. 
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7. c?y/c^ hy 2 a\^. 8. 12V7-60V6by4V3. 

9. 6Vl05+18V40-45v^ by avis. 

78. Rationalizing a Denominator. 

Ex 2 —5 5 3v^+2V6 

3Va-2V6 3V0-2V6 3v^+2V6 

I5V0+IOV6 



9a-4& 



ilru. 



EXERCISE 66 * 

Reduce to an equivalent fraction with rational denomi- 
nator: 

4 8 V0-V6 

^' 3V7* -^ '* ~;^^- 

2 2^ 6 — ^ 10 ^-"^^ 

V3 -^yo+b ^</Z 

a _5_ 7 8 ,1 4V5-2V2 

3V^ 3-^2 y 3 V5+4 V2 

. _6_ 3^ ^^^ ^^ 3-^^ 

Vo-6 3+Vx+2 



a 



V^+y+V^^^ ^^ 3+V5 3-V5 

* V?+P-V?^' * 3-V6 3+V6* 

16« •/— • 
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- 18. Compute to the nearest thousandth the value of 

— 7= without rationalizing the denominator. Then ration- 

5v5 

alize the denominator and compute the numerical value of 
the result to the nearest thousandth. Compare the amount 
of work in the two processes. 

Use the process of rationalizing the denominator as an 
aid in finding to the nearest thousandth the numerical 
value of 

19 A 21 ^ 00 3-V5 

20 -^ 22 ^ 24 ^^-^^ 
2V7 3V5 2\/6+V6 

26. In the formula d = sV2, in the shortest way find a 
to the nearest hundredth when d = 7. 

79. A Quadratic Surd is a surd of the second degree; as 
V3 and Vofc. 

A binomial surd is a binomial expression, at least one 
term of which contains a surd; as V2+5V3, or a+Vfe. 

80. Findinlg the Square Root of a Binomial Surd by 
Inspection. 

By actual multiplication we may find 

(a/2+V5)2 = 2+2VI0+5 = 7+2V10. 

In the Square, 7+2VlO, 7 is the sum of 2 and 5, and 
10 is the product of 2 and 5. Hence, in extracting the 
square root of a binomial surd. 

Transform the surd term so that its coefficient shall be 2; 

Find two numbers siuih thai their sum shall equal the 
rational term, and their product equal the quantity under the 
radical sign; 
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Extract the square root of each of these numbers, and con- 
nect the resvMs by the proper sign. 

Ex. Find the square root of IS+sVs. 

18+8^5= 18+2 V^. 
The two numbers whose sum is 18 and product is 80 are 8 and 10. 

/. Vl8+8V5= ^8+ VlO. 

=2V2+\/iO. RooL 

EXERCISE 67 

Find by inspection the square root of 

1. 3+2V2. 7. 23-6VI0. 

2. 9-2Vli. 8. I8-I2V2. 

3. 2I + I2V3. 9. 7+4V3. 

4. I7-I2V2. 10. 26+4 V30. 
6. 35-I2V6. 11. 14+3 Vs. 

6. 9-6V2. 12. 2m+2\/m2-n2. 

81. Equations Containing Radicals. 

Ex. 1. Solve Vi2+7-l=x. 

Transpose terms so that the radical shall be alone on one side of 
the equation. 

Vaj«+7=x+l. 
Squaring, x«+7=x*+2a:+l. 

/. 21=6. 

x=3. RooL 

Check: \/x«+7=V9+7=4. 

a;+l=3+l=4. 

Observe that only the principal value of a radical is used in 
checking a result, as in the other processes ui this chapter. 
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Ex. 2. Solve Vx+3+Vx = 5. 

Transpose tenns so that one radical shall be alone on one side 
of the equation. 

Vx+3=5-Vx. 

Squaring, x+3=25-10Vx+x. 

.-. 10Vi"=22. 

6V^=1L 
Squaring, 25 x = 121 . 

x=W. RooL 
Let the pupil check the work. 

In general, 

Transpose the terms of the given equation so thai a singte 
radical shall form one member of the equation. 

Raise both members of the equation to the power indicated by 
the index of this radical; 

Repeat the process if necessary. 

Always check the root. 

82. Fractional Equations Containing Radicals. 

Ex. 1. Vg-\/g-8= , 

Multiply by Vi^, \/x«-8x-a;+8=2. 

/. Vx«-8aj=x-6. 

x«-8x=x«-12x+36. 
4x=36. 
x=9. Root. 

Vx+3 3Vx-5 



Ex.2. 



Vx-2 3Vx-13* 
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Caeaiingof baOkm, 3x-Wi-30'=Zx-llVz+10. 

Vx=7. 
X'49. JSooC 

BZERCISB 68 

Solve the follomng equations: 

1. 3-Vi+I=0. 6. 2V3 a;-5-3V«+T=0. 

a. 5-V2i=3. «. 3Vx-l = Vi+l. 

8. 1--^-!. 7. Vx+16-8+Vx=0. 

4 «-l-Vx2+3=0. 8. |+Vi=Vjyi+i, 

9. V4*+3=2Vi^+l, 
10. 2Vx-V4*-22=v^, 
U. V25 *-29- V4i^li-3V»=0. 
18. Vx+VTa+x-2Vb+x-0. 

18. V^+x+Vx= ® 



V3+i' 
14. 3V2«+l-3V2x-3 = 



V2X-3 



V»-3 ^ Vg+l V9i+2-3Vx ^ 

' Vi+3 V«-2' ' V9x+2+3Vx 

._ 6Vx-7 . 7VJ5-26 
17. —7= — —6 = — 7= . 

Vx-1 7Vx-21 
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83. Extraneous Roots in Radical Equations. It may 
readily be shown that squaring each of the two members of an 
equation does not necessarily produce an equivahrd equation. 

Ex. 5+Vx = 2. 

Hence, Vx=— 3. 

Checking, 5+V9=2, or 8«2. But this is impossible; hence, 
9 is not a root of the given equation. 

Note that if the sign of the radical v x is changed in the original 
equation, by solving the equation thus formed the result x=9 ia 
obtained; this answer can be proved. 

EXERCISE 69 

Solve the following equations and check each result. In 
each case where the root is impossible, change the original 
equation so as to make the result obtained a root. 

1. 1-Vx=3. 2. 4->/x+I = 5. 3. 3+v^ = 5. 

4. V4x+9+Vx = Vx+5, 6. \/x+7 = 2- Vx-5. 

6- Vx-Vx+8 = 8. 7. Vx+8-8+\/x=0. 

a VxHP9-Vx+2--\/4x-27=0. 

EXERCISE 70 

Oral Review 
Simplify at sight: 

1. Vl2. 3. 2Vf. 5. Wi. 7. x^J^. 

2. y/xK 4. 6V|. 6. 10 Vf. a Vf 
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"• \i' ^3 ^' >^' ^' h \a' \?' W 

19. VlS+Ve, (V3+V2)(V3-V2), V4+V5XV4-V5. 
90. (V2)«, (V2)», (V2)^ (V2)»o, (Vi)". 

21. In what respect is —r- a simpler expression than —=? 
At sight give the value of x in 

22. Vj+1-4. 94. a+y/x^c. ac V5x=a. 

o- C • 

28. Vx+a-6. * yx^ ' 27. y/ax^c. 

BXERGISE 71 

Review 

1. Simplify 4Vl47-3V75-6V|+18V^-24Vf. 

2. Multiply 2+V3-V6 by 2+ V3+V5. ., „, 
8. Divide6Vi2+3V8-6V30+4Vl6by2V6. 

4 Rationalize the denominator of j=-. 

3-2V6 

Given V2=1.41421+, V3=1.73205+, compute in the shortest 
way to three decimal places the value of 

6. -^. 6. 3V16-V30. 7. 5Vl2-2\/8. 

V3 
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& Solve2+Va;+3=Va;-.2+3. 



4 



9. Solve -7=-Vx-Vx-4=0. 
Va:-4 



•J 



10. Simplify 2'C^+V60-6Vj+ ^24-2 v^27-2-^. 

/T K }4Q a* 

11. Simplify 3 Vs a«-10 ^l''l\-^+^'^^ «"• 

12. Simplify (a+6)»-y|^+(o-6)«Va^-6«+ V(a«-6«)«. 



' 4a 



13. Rationalize the denominator of ... . ,. 

3(2 a)t 

14. Multiply Va+(a+x)*—Vx by Vo-Va+x—Va;. 
16. Simplify 6-4- V3+V2. Also 6•^(V3+V2). 



\ 



4V7 

16. Simplify -—= — -^ and find its correct value to two decimal 

places. V7-V5 

17. Write into a single term 6 V2| a»-2(24 o6«)*+av^54a. 

-« «. ,.. 2a/456«a;\i 106 /o^.Ua; /5a«6« 5x/ 1 \J 
la Smiplify-^^ -:_^_+_^__-_^|^_j . 

84. An Imaginaiy Quantity is an indicated even root of 

a negative quantity; as V— 4, ^"^^j and V— a. 

The term 'imaginary" is used because, so long as we 
confine ourselves to plus quantity and to its direct opposite, 
nunus quantity, there is no number which multiplied by 
itself will give a negative number, as —4, for instance. All 
the quantity considered hitherto, that is, all positive or 
negative quantity, whether it is rational or irrational, is 
called real quantity. 

If we extend the realm of quantity outside of positive and 
negative quantity, imaginary numbers are as real as any 
others, as will be shown in the next article. 

A complex number is a niunber part real and part imagi- 
nary; as 8+2\/^ and a+bv^l. 
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X. 



1 
-1 

-VFT 



— r 
+1 



JB' 



85. Meaning of V^. 

If 0A»+1, and OA' is of the same length, but lying in the 
3 opposite direction from 0, OA' 

= -1. 

Hence, we regard the operar 
tion of converting a plus quan- 
tity into negative quantity as 

^ equivalent to a rotation through 

— ' an angle of 180®. If we divide 
this rotation into two equal 
rotations, each of these will be 
a rotation through 90®. 

Hence, V— 1 must be equiva- 
lent (geometrically) to the result 
of rotating the plus unit of quantity through 90®. Hence, V— 1 on 
our figure will be represented by OB. 

Hence, it is easy to see, also that V— ixv— 1 = — 1. 

We thus perceive that the introduction of imaginary quantity 
enlarges the field of quantity considered in algebra from mere 
quantity in a line to quantity in a plane. This gives a vast extension 
to the power of algebraic processes and introduces many economies 
in them, as will be found by the student who pursues the study of 
mathematics extensively. 

In taking up the subject for the first time, we consider only a few 
of the first properties of imaginaries, so called. 

86. The Fundamental Principle in treating imaginaries 
is that \/^xV^=-l. 

Using f as a symbol for V— 1, this principle is, iXt= — 1, 
or 1*2 = — 1. 

• Considering this matter algebraically, if we use the law 
of signs in the most general form. 

Now, if we extract the square root of -|-1, we shall not 
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have V— 1. Bu t if we extract the square root of — 1, we 
shall have V— 1. 
Hence, we must limit the product V— IXv^— 1 to —1. 

Likewise, V^xV^= VaV^xVftV^ 

= VaV6( V^)2 = - \/56. 

Or, using the symbol i, aiXbi= —ab. 

87. Operations with Imaginaries. It follows from 
§ 86, that, in performing operations with imaginaries, we 
iLse aU the ordinary laws of algebra, with the exception of a 
limitation in the use of signs, which may be mechanically 
stated as follows : 

The product of two mirvus signs under the radical sign of the 
second degree gives a minus sign outside the radical sign. 
But in dividing first indicate the division and afterwards 
rationalize the denominator. 

Ex. 1. Add V^, -3+2V^, 7-2\^:^. 

V- 9= aV-L 

-3+2 V^r7= -3+2 V^. 
7-2V^Il6= 7-8V^ . 

A-3V~1. Sum. 
Ex. 2. Multiply 2V^+3V^ by SV^-SV^. 

2V^+3V^ 

3V^-5V^ 
6(-3) -9Vl8 

+ 10 V6+ 15^12 



-I8-27V2+IOV6+30V3. Product. 



EXERCISE 72 

Collect: 

1. 7V-4+3V-49-10V-9. 

2. 5V^-3V^+4V^=r50-\^="200. 
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s. a+by/^-b-aV^-V^+2V^^~a, 

4. (o-26)^/^-(2o+fe)V^. 

5. Write 3V^, V^, V^, uaing i for V^. 

6. Simplify 5i-}i, and use V^ for i in the result. 
Multiply: 

7. v^byV^. 9. -V^^by -V-18. 

8. V^by-2V^. 10. -Vx~y by Vy-x, 

11. V^+v^^ by V^-2V^. 

13. 3v^-2V'^by 2v'^+3-s/^. 

15. 2V2-2->/^ by 3V^+3>/=2. 

14. 3+5iby5-2i. 

16. V^+V^ by V3+V^. 

16. aV^+6V^ by ov'^-fcv'^. 

17. Multiply X 2 by a: ^-^ . 

88. Dual Bar Graphs. It is often an advantage graphi- 
cally to represent two related magnitudeB by two bars placed 
in contact. 
Ex. Three boys, James, Philip, and Henry had summer 
gardens two years 
in succession. Their 
respective profits 
the first year were 
$12, SS.30, and 
$16; and the sec- 
ond year were $15, 
$11.75, $13.70. Rep- 
resent these facts graphically by bars. 

Note that on the diagram the Bolid bars represent the earnings 
of the respective boys during the first summer, and the shaded 
bars the earnings during the second summer. 
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EXERCISE 78 

Make dual bar graphs for the facts given in each of the 
following examples: 

1. The average grades of four boys, Albert, William, 
Howard, and Dennis for one year were 86, 94, 72, 63, 
respectively; and the next year were 92, 88, 82, 76. 

2. The sales of thrift stamps made in one month by 
four girls, Anna, Harriet, Mary, and Julia were $62, $38, 
$56, and $84, respectively. The next month the sales 
made by the girls in order were $48, $54, $53, $72. 

3. The profits in the five departments of a department 
store one year were $3285, $6924, $5872, $4296 and $9872, 
respectively; and the next year were $4293, $8327, $4615, 
$7123 and $6954, respectively. 

4. The average or normal rainfalls at certain repre- 
sentative places in the United States are as follows: Phoenix 
(Arizona), 7.9 in.; Denver, 14 in.; Chicago, 34 in.; New 
York, 44.8 in.; New Orleans, 57.4 in. During a recent 
year the rainfalls at these places in order were 5.4 in., 
11 in., 38 in., 52 in., 48 in. 

6. In a certain year the percentages of the wheat crop 
of the United States raised in certain states were as follows: 
Kansas 10.8, Nebraska 6.8, Ohio 4.5; IlUnois 4.3, Indiana 
4.3. The per cents of the corn crop raised by the same 
states in order were 4, 7, 4.8, 13, 6.5. 

89. Vertical Bar Graphs. It is often an advantage to 
construct bar graphs in a vertical instead of a horizontal 
position. For instance, with vertical bars, it is frequently 
easier to make comparisons of a certain kind and to per- 
ceive rates of change. Also when desired (as when the facts 
to be represented become numerous) it is easier to substi- 
tute curves for vertical bars, than for horizontal ones. 
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Ex. The total sales by two salesmen, Adams and Harris, 
for a number of years were as foUows: 1915, 131,000, $47,- 



•70,001 

•M,aoi 

•50,00 

•«u» 

•10,00 

ttojoo 

•10,00 





























u» 


r* 










y' 










- 


— ' 


X 




^ 










n 


HU 


n* 





















































000; 1916, »35,000, $45,000; 1917, $41,000, $47,000; 1918, 
$52,000, $35,000; 1919, $58,000, $42,000; 1920, $67,000, 
$39,000. Graph these facts by the use of vertical bars. 

In the diagram at the left these facte are represented by ver- 
tical bars. 

The above data might also be represented by two curves. See 
the chart to the right. It is to be noted that curves ehowing the 
soles of other salesmen could also be inserted on this chart. 



EXERCISE 74 
In each of the following examples, represent the data by 
vertical bar graphs: 

1. In a certain city the circulations of the five leading 
newspapers one year were as follows: Advertiser, 60,510; 
Times, 81,270; Star, 72,100; Bulletin, 91,200; Record, 
36,220. The next year the circulations of these papers in 
order were 66,200, 91,070, 56,420, 82,760, 29,710. 

2. At two towns, Melville and Dayton, the respective 
rainfalls in successive years were as follows: 1915, 42 in., 
34 in.; 1916, 47 in., 41 in.; 1917, 39 in., 42 in.; 1918, 
43 in., 39 in.; 1919, 36 in., 34 in.; 1920, 48 in., 41 in. 
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3. For the years specified the respective earnings of 
two divisions of a raikoad in millions of dollars were as 
follows: 1915, 3.5, 6.6; 1916, 3.7, 7.2; 1917, 4.8, 6.8; 
1918, 5.3, 6.6; 1919, 6.7, 5.2; 1920, 7.2, 6.5. 

Also make curve line graphs of these facts. What is the 
advantage of the latter mode of representation?^ 

EXERCISE 75 
Oral 
L If a ball nine has won 11 games out of 20 and is to 
play X more games, what isthe meaning of -J^? Of ^^^^7 

2. An alloy of silver and copper weighs 40 Bb., of which 7 lb. 

7 
are silver. If x pounds of copper are added, what does -rr-, — mean? 

— 40+x 

7+y 
If y pounds of silver are then added, what does 7777- represent? 

40+x 

3. If a pupil has an average grade of ^ in three subjects and his 
grade in a fourth subject is x, what does 3 g+x -^4 represent? 

4. A quantity of provisions will last m men d days. How long 
will it last X men? 

X 

6. If sound travels 1 100 ft. per second, what does tt^ represent? 

6. A rectangular piece of land is a feet long and b feet wide. 
If a strip w feet wide is cut from each side of the lot, what are the 
dimensions of the part left? What is the area? Also what is the 
area of the part removed? 

7. A box with lid is made of boards t ruches thick. If the 
outside dimensions of the box are a, b, c inches, what are the inside 
dimensions of the box? What is the volume of the inside? How 
many cubic feet of lumber are used in making the box and its lid? 
How many board feet? 

8. The area of a given rectangle equals the area of a circle 
whose radius is r inches. If the rectangle is I inches long, what 
is its width? 
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EXERCISE 76 






Fia. 1. 



Fig. 2. 



Fig. 3. 



1. Fig. 1 represents a square plate whose side is 
a inches. From this plate four circles, the diameter of 
each of which is d inches, have been cut. Obtain a formula 
for the area that is left. 

8. Fig. 2 represents a trapezoid from which two 
equal circles have been cut. Write a formula for the sur- 
face left, using letters selected by yourself. 

3. Fig. 3 is a rectangle with semicircles attached to 
its ends. Obtain a formula for the area of the figure. 

4. The formula for the volume of a cylinder whose 
radius is r and altitude A is V = Trr^h. Hence find a formula 
for the number of tons of silage in a cylindrical silo if 
40 cu. ft. make one ton. 

By use of this formula, find the radius r of a silo which 
is to contain 80 tons of silage and be 16 ft. high. 

6. The width of a cold-air box to a furnace is w inches. 
Find a formula for its depth (d) in inches if the area of the 
cross-section of the box is to equal | the area of the smn 
of a circles each b inches in diameter and c circles each d 
inches in diameter. 

6. A wheel d inches in diameter is revolving n times a . 
second. ^Obtain a formula for the velocity in feet per 
second (v) of a point on the rim of the wheel, using t=^. 
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Solve the formula for n. What is the use of this last 
result? Illustrate the. use of the last formula by a numer- 
ical example. 

7. If a steel bar expands .000007 of its length for each 
degree in» the increase of its temperature (Fahrenheit), 
find a formula for the increase in feet (/) in the length of a 
steel rail I feet long, when the temperature increases from 
t to f degrees. (In the formula write .000007 in a short 
way by the use of a negative exponent. See p. 114.) 

Find / when Z = 30, « = 30, f = 132. 

8. Two cars start at the same time and place and travel, 
one due north at the rate of a miles per hour, and the other 
due east at the rate of 6 miles per hour. Find a formula 
for their distance apart in miles (D) at the end of t hours. 

Illustrate the use of your formula by a numerical ex- 
ample. 

9. Successive discounts of 40 % and 5 % were given on 
an article listed at $250. Find the net cost of the article. 

Now obtain a formula for the net cost (N) of an article 
whose list price (L) is subject to two successive discounts, 
di and d2 (expressed decimally). 

By use of your formula, show that it is immaterial which 
of these two discounts is made first. 

10. ~ If a adults were admitted to a ball game at 50 cents 
each, and c children at 25 cents each, obtain a formula 
for r, the total receipts in dollars. 

If, in a given case, the total receipts and the number of 
adults admitted are known, how can the number of 
children be determined by use of the formula? Illustrate 
by a numerical example. 

11. If a long ton contains 2240 lb. and • a short ton 
2000 lb., obtain a formula for converting long tons into 
short tons. 

Illustrate the use of your formula by a numerical example. 



CHAPTER VII 
QUADRATIC EQUATIONS; SIMULTANEOUS QUADRATICS 

90. A Quadratic Equation of one unknown quantity is 
an equation containing the second power of the unknown, 
but no higher power. 

Ex. 3x2_5^+7 = 0. 

What is a pure quadratic equation? An affected quad- 
ratic equation? 

Solve 7? = %. Also 4 a;2 - 25 = 0. 

91. Completing the Square. 

Ex. Solve 6 x^— 11 x = 10 by completing the square. 

Dividing by 6, aJ' — V" ^ == f- 

Taking half the coefficient of x, that is, \^y squaring this, and 
adding the result to each side of the equation, we obtain 

Hence a;— ^= ±^. 

flj=f, — f. AnB, 



Check for a;=f . 
6x«-lla:=6(V-)-ll(f) = 10. 



Check for x=— f. 
6a;«-llx=6(t)+ll(i) = 10. 



Hence, we have the general rule: 

By clearing the given equation of fractions and parerUheses, 
transposing terms, and dividing by the coefficient of x^, reduce 
the given equation to the form x^+px = q; 

Add the square of half the coefficient of x to each member 
of the equation; 

Extract the square root of each member; 

Solve the two resulting simple equations, 

144 



QUADRATIC EQUATIONS 145 

• 

Before clearing a given equation of fractions, it is impor- 
tant to rediLce each fraction in the given equation to its simplest 
form, 

92. Use of Formula. Any quadratic equation can be 
reduced to the form 

ax^+bx+c—O. 

Solving this equation by completing the square (§91), 

_ -b=fcVb2-4ac 

By substituting in this result, as a formula',^ the values of a, 
6, c in any given equation, the value of x may be obtained, 

Ex. Solve 3x2— 4x—7 = 0by ^gg ^f ^j^^ formula. 
Here a =3, 6 =—4, c=— 7. 

Substituting for a, 6, c in the above formula. 



4±Vl6+84 4±10 7 , ^ , 
z = =— ^=- -1. Roots. 

Let the pupil check the work. 

93. Literal Quadratic Equations are solved by the 
methods employed in solving quadratic equations with 
numerical coeflBicients. 

Ex. Solve ax+l = . - 

ax 

Clearing of fractions, a*a;«H-aa;=3— a^«. 

Hence, 2 a^^+ax = 3. 

■^2 a 2a«' 



X 

2a 



\4 aj 16 a«' 



a 2 a 



Let the pupil check the work, 
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EXERCISE 77 

Solve and check: 
1. a;2-7x=-12. 3. a^^+SJx+lOf =0. 

6 x2-r7 a;-5 = 0. 4, 3?-.b x+.06 = 0. 

6. 6x2 = 13a;(x+l)-6(a;+l)«. 
2x+3 7-a; 7~3a; 



2. 



6. 



7. 



8. 



2(2 x-1) 2(x+l) 4-3 0?' 

g-1^5 2_ 

2 2 x-l* 

3j;-4 4x-14 ^ 2x-1 
X— 1 1— x^ x+1 

9. K13-5x)-i(x2-x)=0. 

Find the value of x to three decimal places in 



10. x2+5x-7 = 0. 
Solve and check: 

12. x2-3cx = 10c2. 

13. 2x2+px=I0p2. 

14. 3(?x2=4cda;+4d2. 



11. 3a;2+5x-7=0. 



17. x2+3aa;+2 6x=-6a6. 

iQ 2a+x ■ g— 2a: _8 
2a-x"^a+2x""3' 

19. ax2^*p3.^.g=:0. 



16. x2 = 



15 rn? mx 



8 a2 4 a' 

16. x^'-(a—h)x=ah. . 

a-2b 



20. 



x^— 3 ax 



f2a = 



6x 



22. 



a— 6 6— a* 

21. x2+6x+c = 0. 
1 1 



8x2-3fe2 2x+b 2 a 
23. Solve 7 = .97V27ff for ff. 



[ 



24. Solve d 



=v 



3 1(1-1) 



8 



for ?. 



26. Solve v = i vh(B^+i^+Rr) for B. 
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26. In p = 6 r—r^, find r to two decimal places when 
p = 1. Also when p = 2 ; J. Is anything gained by solving 
for r before substituting numerical values for p? Give 
reasons for your answer. 

94. The Factorial Method of solving equations consists 
in transposing all terms to the left-hand side, factoring the 
resulting expression, and letting each factor =0. 

Ex. 1. Solve x3 4.8=0. 

Factoring, (x+2) (x^ - 2 x+4) = 0, 

a;+2=0, gives x=— 2. Eoot. 

Also, a;«-2a;+4=0. 

Whence. x*— 2a;=— 4. 

ic=l±V-3. Roots. 
Let the pupil check the work. 

The factorial niethod of solution is especially helpful in 
solving certain literal quadratic equations. 

Ex.2. Solve (p+g)x2-(2p+g)a;+p=0 by the fac- 
torial method. 

We obtain [(p+g)a;— p](a;— 1) =0. 

Hence, a?=»l, -77— . -ftooto. 

Let the pupil check the work. 

If this example be solved by the method of completing the square 
(§ 91), on comparing the two solutions, it will be found that at 
least three fourths of the labor of solution is saved by use of the 
factorial method. 

EXERCISE 78 

Solve and check: 

1. x2-6x+8=0. 3. 2x2+5a;-12=0. 

%7?-&ofi+ix=Q. 4. 3r2+3 = 10x. 
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6. a;(x-l)(x+2)(x-3)=0. 

6. = 3x(ar2-4). 9. afi^l&x. 

7. x3~27 = 0. 10. x*-5a2x2+4a*=0. 

8. x8 = 27. 11. afi+s^-x-l^-O. 

12. 3(x2-4) = 5(x-2). 

13. Solve x2_.(2a+5 6)x+10a6 = by the method of 
§91. Also solve the same equation by the factorial 
method. Compare the amount of work in the two proc- 
esses. Why do we not solve all quadratic equations by 
the factorial method? 

Solve by the factorial method: 

14. x2+3ax-10a2 = 0. 15. x2+2x-3 6x = 6 6. 

16. cdx2+c2x+cPx+cd = 0. 

17. 5+l=P+l. 18. ,-^+^ 



96. Equations in the Quadratic Form. An equation 
containing only two powers of the unknown quantity, the 
index of one power being twice the index of the other power, 
is an equation of the quadratic form. It may be solved 
by the methods already given for affected quadratic 
equations. 

Ex. 1. Solve a:* - 10 x2 = - 9. 

Adding 5> to both members will make the left-hand member a 
perfect square. Thus, 

x*-10a;«+25=16. 

Hence, a;*— 5= ±4. ^ 

x«=9, or 1. 'r,. 

x==fc3, ±1. Booi9.* 

Let the pupil check the work. ^ ' ^r * 
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I 

This equation might also have been solved by the fac- 
torial method. 

Ex.2. Solve «*- 3x^+2=0. 
Hence, (a;* - 1) (x* - 2) = 0. 

x*=l, 2. 
x=l, 32. Ans. 



EXERCISE 'i 


r9 


Solve and check: 






1. a;*-3x2+2=0. 


7. 


a;i_5a;i+6=0. 


2. i*-26a?«=-25. 


8. 


a;*+a;*-2=0. 


S. 13a~2=9a;*+4. 


9. 


3a;*-5a;* = 2. 


4. 9x*+l = 10x2, 


10. 


3x*=4x*+4. 


6. x«-9z8+8=0. ^ 11. 


2-^ = ^+1. 


6. ««-26z3-27=0. 


12. 


a:3-28a;*+27=0. 



13. 2:^-33 x*+32 = 0. 

14. Find the roots of a:* — 5x^+3 = to the nearest 
hundredth. 

16. Is3-V5arootof ar*-7x2+5 = 0? 
16. Is K2-V3) a root of x2-2 x+i = 0? 

96. Radical Equations Resulting in Affected Quadratic 
Equations. If an equation is cleared of radicals, the 
result is often a quadratic equation. 

« Ex. Solve Vx+5--V2x-7 = Vx. 



TransposiQg, Vx+5— Vx= V2'X— 7. 

Squaring, x+5-2Vx«H-5x+x=2x-7, 
Hence, Vx^+5x=Q, 

Whence, x«+5x=36. 

a;=4, -9. 
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Substituting these values in the original equation, we find that 
the only value that verifies is xs4, which is the root. The other 
value, x=^9f is not a root of the original equation, but is intro- 
duced by squaring in the process of clearing the equation of radical 
signs. It satisfies the equation, 

Vx+5-V2x-7=—Vx'. 
(See the treatment of extraneous roots, p. 133.) 

EXERCISE 80 

Solve and check: 
1. x+5Vx+2-4 = 0. 2. 4 = V4x+17+Vi+I. 

3. V2+x+V2^=V3. 

4. V2 X+5+ Vs x+4: = V5 x+9. 

6. V2 a;+7+V3 1-I8- V7 x+l=0. 

.6. Vl-x+Vl-x-Vx = l. 

7. Vo-x+ Vo+x- V2 a+2 6=0. 

8. V3j+l-2V2a:+l+-7^-^ =0. 

v'2x+l 

9 _^ :^^IEi=o 

Vx+2 vi 6 
EXERCISE 81 

« 

Review 
Solve and check: 

1. 12a;«+a;«l. 4. x*-8x=0. 

2. 10o«=x*-3ar. 6. a?*-6x«+8=0. 



3. 2Va;+3-Vx-2-4. 6. x«-9a:*+8=0. 
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7. 10a;«-.7a;-.12=0. 11. x'-z^O. 

X b a 

IS* -T — - " • 

2 4 5— X a 



10. 2Va;-^l=5 



Vx-l 14. x(x-2)(9x«-25)-0. 



16. V3 x+lO = VlO X +16 + ^x4-2. 

16. 2 x» -5.2 -3.7 =0 (to nearest hundredth). 



17. V2 X -a« + Vo; - Vx +3 a« -0. 

18. Write but do not solve an equation of each of the principal 
kinds treated thus far in this chapter. 

EXERCISE 82 

Oral 

1. If a man rows at the rate of x miles anhour on a stream 
which flows y miles per hour, what is denoted by x+y? By 
§x+2/? Byfx-t/? 

2. A certain calf eats 3 bushels of grain while a cow eats 4 
bushels. During a certain length of time, they together ate 6 
bushels. How many bushels did each eat? 

3. The minuend is m+2 n, the remainder is 2 n+«. What is 
the subtrahend? 

4. If 40 bu. of oats worth a cents a bushel, and 30 bu. of com 

t^ ,. , . J u X J 40a+306 
worth b cents a bushel are nuxed, what does =t represent? 

5. If one pipe can fill a given aistem in / hours, and another 

can fill it in 67 hours, what is the meaning of -7+-? Of :;— -? 

7 19 

6. The dividend in a certain process is a -x, the quotient is a, 
and the remainder is 4. What iS( the divisor? 
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7. A mixture of equal parts of two kinds of tea, costing a 
and h cents a pound respectively, is sold at a gain of 25 %. Find 
the selling price of the mixture per pound? 

8. A man travels x hours at the rate of m miles per hour and 
then finds he still has f of his journey to go. How far did he 
intend to go? • 

9. A rectangular lot is x yards wide and 2 x yards long. If a 
strip 5 yd. wide be added on all sides of the rectangle, what will 
be the length and width of the new rectangle? 

10. A sheet of tin is a inches long, and b inches wide. If a 
square whose side is 5 in. be cut out of each comer, and the sides 
be folded up so as to make a box, what will the depth of the box 
be? The area of its bottom? Its volume? 

EXERCISE 88 

~ 1. Three times the square of a given number, dimin- 
ished by twice the product of the number and the next 
lower number, gives 143. Find the number. 

2. A certain number increased by four times its recip- 
rocal equals 87. Find the number. 

3. The denominator of a given fraction exceeds the 
numerator by 3, and the sum of the fraction and its 
reciprocal is 2^. Find the fraction. 

4. The base of a triangle is 4 ft. less than the altitude, 
and the area of the triangle is 48 sq. ft. Find the base. 

5. A rectangular lot is surrounded on all sides by a 
driveway 5 yd. wide. The lot is twice as long as it is 
wide. If the area of the lot and driveway together is 
6600 sq. yd., find the dimensions of the lot. 

6. A fanner has a field 60 rd. long and 40 rd. wide. 
How wide a strip must he cut aroimd the field in order 
that 5 acres may be left uncut? 
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7.^ An open box is to be formed by cutting out equal 
squares from the corners of a square sheet of tin and 
folding up the sides. The box is to be 10 in. deep and is 
to contain 2250 cu. in. Find the length of a side of the 
square sheet of tin. 

8. One baseball nine has won 6 games out of 15, and 
another has won 8 out of 13. How many straight games 
must the first nine win from the second, in order that the 
average of games won by the nines shall be the same? 

9. A and B together can do a given piece of work in 
2 days. Working alone, A could do the work in 3 days 
less than B. How many days would it take each man 
working alone? 

10. Two pipes together can fill a tank in 3^ hr. When 
jrunning alone, one pipe takes 12 hr. longer than the other 
to fill the tank. How long does it take each pipe alone 
to fill it? 

11. A rectangular piece of tin is 12 in. long and 9 in. 
wide. Four equal squares are cut out, one from each 
comer so that when the sides are folded up a box is made 
the area of whose bottom is 60 sq. in. Find an edge of 
one of the small squares cut out. 

12. The area of a mat about a picture 10 in. long and 
8 in. wide is one half the area of the picture. What are 
the outside dimensions of the mat? 

13. The altitude of a right triangle is 1 in. greater than 
the base, and the hypotenuse is 2 in. greater than the 
base. Find the sides of the triangle. 

14. The perimeters of a given circle, square, and 
rectangle are each 160 in., the rectangle is three times ad 
long as it is wide. Find the area of each figure. What 
geometric principle is illustrated by the results obtained? 

Draw the three figures, using the same scale for all. 



164 A SECOND BOOK IN ALGEBRA 

IB. The side of a given square is a feet. By how 
many feet must this side be increased in order that the 
area of the square may be increased by 6 square feet? 

16. A given field of grain contains 20 acres and is twice 
as long as it is wide. How wide a strip (in rods) must 
be cut around the field, in order that f of the grain shall 
be left uncut? 

17. A coal bin is to be 8 ft. deep and three times as 
long as it is wide, and is to contain 15 tons of coal. If 
40 cu. ft. is allowed for 1 ton, how long must the bin be? 

18. One leg of a given triangle exceeds the other by 
2 ft. If the hypotenuse is 10 ft., find the legs of the 
triangle. 

19. Find the side of a square whose diagonal is a inches. 

20. The product of two consecutive numbers is 6. 
Find the numbers. 

97. Quadratic Equations Containing Two Unknowns. 
The general quadratic equation containing two unknowns is 

a7^+bxy+cy^+dx+ey+f=0. 

By giving a, 6, c, etc., different numerical values, in« 
eluding zero, this general equation may be made to take 
many special forms: 

What values must we give a, 6, c . . ., respectively, in order to 
obtain the equation 5 x*+3 xy+2 y*=5 from the general equation? 

The absolute term of an equation is the term which does 
not contain an unknown factor. Thus / in the above 
general equation is the absolute term. 

Simultaneous quadratic equations is a brief term for 
simultaneous equations whose solution involves quadratic 
equations. 

Thus, equations (1) and (2) in § 99 are simultaneous quadratic 
equations. 
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In general, the combination of two simultaneous quad- 
ratic equations by elimination gives an equation of the 
fourth degree in one unknown, which cannol^ be solved by 
the methods taught in this book. Two simultaneous 
quadratic equations can be solved by elementary methods 
only in certain special cases. 

98. A Homogeneous Equation is one in which all the 
terms containing an unknown quantity are of the same 
degree. 

Thus, 3flj*j/— 6a:y'+2^»=18 is a homogeneous equation of the 
third degree. What is the degree of the equation arysG? 

Case I 

99. When One Equation is of the First Degree and the 
Other of the Second, two simultaneous equations may 
always be solved by the method of substitiUion. 



Ex. Solve - 



' 2x-Sy = 3. ....... (1) 

' 4a^^-7x2/ = 15 (2) 

Eliminate y, since y occurs only once in equation (2). 

From(l), y^^^ ^3) 

(2 X— 3\ 
— o — 1=15. 



Hence, 12 x«-14 x«+21 x=46. 



Substitute for x in (3), 

Check. 

For x=3 andy=sl. 

2x-3y=6-3=3. 
4x«-7xy=36-21 = 15. 



a:«3, J^. 1 

y=i, 4. J 



BooU. 



Check. 

For a;«J^andy»4. 

2x-3y=15-12=3. 
4a;«-7xy-225-210=15. 
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EXERCISE 84 

Solve and check: 

1. 3x-l=y. 2. x+2j/ = l. 

6 x2-j/2« 1. aJ8+4 y2^Q aj+u. 

8. 2aj2+3x2/-4y2+3x-8y = 14. 
7a;-52/ = 14. 

4. x2-4 2r^-3x=0. ^ «.y-o 

^ ^ M=2. 

6. 2x+3tf = i. ^ 2/ 

X y ' xy = 2y+x+2. 

8. 5x-3y+l = 0. 

2 y2+3 X2/-5 x2+7 x-6 y =4. 

9. xy = Z6. 10. X!/ = 180. 

(x-3)(2/+l) = 30. (x+6)(2/-l) = 180. 

Without solving the equations^ determine whether 

' 3x-2y = 9. 



11. X = 1 and y = 3 satisfy 



12. x = 2, y= — f are roots of 



2x2+10-3|r^ = 5xi/. 

'lx-Jy=i 
. (x-2/)2=y2-7. 



13. The sum of two numbers is 3, and twice the square 
of the second number diminished by five times the square 
of the first number gives 3. Find the two numbers. V^ ^ , 

Case II f.' \ ^ 

100. When Both Equations are Homogeneous and of the 
Second Degree, two simultaneous quadratic equations may 
always be soloed by eliminaiing the absolvie term between 
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them and factoring to find the vahie of one unknown in terms 
of the other i and then proceeding as in Case I. 

Ex. Solve 2 a^-3x2/+4 2/2 = 6 (1) 

x2+3 2^ = 7 (2) 

Multiply (1) by 7 and (2) by 6. 
Hence, 14 a;«-21 a;y+28 2/»=42, 
and 6a;»+182/«=42. 

.-. 14a;»-21a;2/+28 2/'=6x*+18yS 
or, 8a;«-21a;y+10y»=0. 

/. (8a;-5y)(x-2y)=0. 



X -2y =0. 

x«+3 2/«=7. 

Hence, solving by Case I, 

a;=±2, 

2/==fcl. 

Hence, 



8a;-5y=0. 

x«+3 2/«=7. 
Hence, solving by Case I, 
x=±AV31. 
2/=±AV31. 



a;=d:2, ±V31. 
2/=±l, ±^31. 

Let the pupil check the work. 



Roots. 



Solve and^check: 

1. 2/2+3 2^2, = 28. 
4x^+2:2/ = 8. 

2. 4 x2_3 ^2^+2 = 0. 
3a?-2y2+6 = 0. 

8. y^ = 5+2xy. 
a?+2/2 = 29. 

4. y^+xy = 21. 
2xy-x^=8. 



EXERCISE 86 



6. 



x^—xy+y^ = 21. 
x^—2xy='-15. 

2x^-4xy+3y^=^17. 
x2~y2 = i6. 

s^+xy+y^ = l. 
2T^+3xy+4y^==3. 
8. 4x2+2xj/-2/2=4i^ 
8a?2-5a;2/+j/2=58. 



6. 



7. 
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Solve and check the following miscellaneous examples: 

9. 2»=y-3. 12. 46+x?=2jr*. 

4x2+y2«17, x2«14-av. 

10. a?+3y^»12. \ 18. i(x-l) = Jy. 

16. Point out the examples in Exercise 88 (p. 162), 
which come under Case I. Under Case II. 

16. State Ex. 1 as a problem concerning two numbers. 

17. Find a number consisting of two digits such that if 
the number is multiplied by the left-hand digit, the result 
will be 105; but if the number is multiplied by the right- 
hand digit, the result will be 175. 

101. The Methods of Cases I and n are the only 
general methods which can be used in solving all simul- 
taneous quadratic equations of a given class. Besides 
these, however, there are certain special methods which 
enable us to solve important particular examples. 

Examples which come directly under Cases I and II 
are often solved more advantageously by one of these 
special methods. 

The special methods apply with particular advantage 
to synunetrical equations. 

102. A Symmetrical Equation is one in which, if j/ is 
substituted for x, and z for y, the resulting equation is 
identical with the original equation. 

Thus, each of the following is a symmetrical equation: 

x»+3xV+y'=18, x+y=12, xy^6. 
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N 



Case III 

103. Addition imd Subtraction Method (often in con- 
nection with multipUcation and division). In this method 
the object is to find first, the valuss of x+y and x— ir, and 
then the valites of x and y themselves. 



Ex. 1. Solve 



'x+ y^ 7 (1) 

'. xy^lO • (2) 

Here we have the valiie of x+y given, and the first object is to 
find the value of x— y. 

Square (1), x^+2xy+y^=^9 (3) 

Multiply (2) by 4, 4x2/ =40 (4) 

Subtract (4) from (3), a;«-2a:y+y«= 9 (6) 

Extract square root of (5), x— y==t3 (6) 

Add (1) and (6), divide by 2, x=5, 2. ' 

Subtract (6) from (1), divide by 2, y«2, 6. / 

Let the pupil check the work. 

fa:3+y3 = 28 (1) 

, x+y= 4 (2) 

a;»-x2/+2/«=7 (3) 

x^+2xy+y*^m (4) 

3x2/=9. 



Boots. 



Ex. 2. Solve 



Divide (1) by (2), 
Square (2), . 
Subtract (3) from (4), 



Hence, xy^Z. 

Subtract (5) from (3), x*-2xy+y*=4.] 

.*. X''y=±2. 



(6) 



But 
Hence, 



a;+2/=4. 



aj=3, 1. 1 
y=l,3. J 



Roots. 
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11. 


a!*+y* = 17. 


16. 


x*+3pf+y*=21. 




xy=-2. 




a?+xy+y^=7. 


12. 


«*+»*= 257. 
xy=i. 


16. 


«2+«j/+y2 = 133. 
a— V^+y=7. 


13. 


i+^=7. 


17. 


xy=80. 


14. 


X y 

1=12. 
1 1 1=9 


16. 


1_1_1 
« y 5" 

jr2+y2=25. 
«-y=7. 




1+1=3. 
z y 


19. 
EXERCISE 87 


a?-y8 = 6o26+2 6». 
x-y=2 6. 



1. Eliminate p between p = 6y, and p^+y^ = c^. 

2. Eliminate c between y = ccP, and x = c/^. 

3. Eliminate a between x -3 a = 7, and x^H- j/^ = 6 a^. 

4. If X = ir/22 and C = 2ir/Z, find K when C = 10 and 



»=¥ 



6. If « = i ^^ and v=gt, find « when flf = 32 and t; = 64. 

6. If C = 2 7r/2 and F=tirfl3, find 7 when C=33 and 
T=y^. (Use cancellation wherever possible.) 

7. Given Z = a+(w— l)d and s = 2(flt+0> fiiid « in terms 
of d, Uf and I, 

Sua. What letter must be eliminated? 

rl—a 



8. Eliminate I between l=ar^'^ and 5 = 



r-r 



9. Given S = tRL and r=7ri2(fi+L), eliminate iZ and 
find T in terms of S and L, 
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10. Given S=4t/J2, and F^f xiZ^, eliminate R and 
find V in terms of jS. 

11. By finding the value of t in the first equation and 
substituting in the second, eliminate t between the equations 
v^u+gt and s^iU+^gfi. Hence find a when g=32, 
f;»10.4, and u = 2.2. 



Solve and check: 



EXERCISE 88 
Rbview 



1. 2a;-5y-0. 10. a^-42. 

a;»-3i/«-13. (»+3)(y-2)-40. 

^ «+y-2. 11. x+y=5V5. 
-+?-6. x«~ary+y»«35. 

x.+2i,.-18. x.+xj,+„.=7. 

4. x»+y-91. ^- *+y-4-7. 
«+y-l. , av-4.8. 

11 14. a;->+y-'-2. 
»''"y" x-»+y-»-2j. 

—36. 16. x-«+y-»=13. 



6xy = l. 



6. x«+3y«-28. 
x*+xy+2»»-16. 16- ll=o+2(n-l). 

7. 2£^x+y 36-|(o+ll). 

» X 

& ««+»«- 17. 17. x*-y*-2. 
x+y-3. x-y~26, 

9. x«+2x-»-6. 1_?=Q i .1 17 

2x«-3x+2y-8. x y **' x»V" 
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EXERCISE 89 
Oral 

1. If a rectangle is x yards long and y yards wide and a strip 
6 yd. wide is added on each side, what will be the area of the new 
rectangle thus formed? What will be the length of its diagonal? 

2. A given quantity of provisions will last a men 'h days. 
How long will it last if c men join the a men after 3 days? 

3. If an automobile travels at the rate of x miles per hour, 
how far will it go in y hours and 45 minutes? 

4. If the outside diameter of a pipe is d inches, and the pipe 
is t inches thick, express the radius of the hollow interior of the 
pipe. Also the area of a cross-section of this interior. 

6. If one gallon of paint will cover 200 sq. ft. of surface, how 
many gallons are needed in all for two walls each I by h feet and 
two other walls each why h feet? 

6. How many gallons are needed for a trapezoid whose parallel 
ddes are o and b feet and whose altitude is h feet? 

7. A box (without lid) is made of boards t inches thick. If 
the outside dimensions of the box are a, 6, c inchs, c being the 
depth, express the inside dimensions of the box. 

8. How many bushels are in a bin whose dimensions are a, 
by c feet, if 1 bushel =li cu. ft.? 

9. If water is running through a redtangular opening a feet 
wide and d feet deep at the rate of / feet per minute, how many 
cubic feet will run through in m minutes? 

EXERCISE 90 

1, Find two numbers whose sum is 11 and the sum of 
whose cubes is 539, 

2. The difference of the cubes of two numbers is 279. 
Also the sum of the squares of the numbers increased by 
their product is 93. iPind the numbers. 



164 A SECOND BOOK IN ALGEBRA 

3. The sum of two numbers increased by twice their 
product equals 85. Also five times the smaller exceeds 
twice the larger by 2. Find the numbers. 

4. The hypotenuse of a right triangle is 20, and the 
sum of the other two sides is 28. Find the length of the 
sides. 

5. The diagonal of a rectangle is equal to the width 
increased by two thirds of the length. The area is 60 
sq. ft. Find the dimensions of the rectangle. 

6. The area of a single tennis court is 234 sq. yd. 
If a margin 15 ft. wide is added on all sides, the area is 
684 sq. yd. Find the dimensions of the court. 

7. A rectangular piece of tin is made into an open box 
by cutting a 5-inch square from each corner and turning 
up the sides and ends. If a 3-inch square were cut from 
each corner, the box, made in the same way, would hold 
the same amount. The width of the tin is 4 inches less 
than its length. Find the volume of the box in cubic 
inches. 

8. If a baseball nine should play three more games and 
win them all, its average of games won would be f . But 
if it should play 12 more games and win them all, its 
present average of games won would be increased by 
20 per cent of itself. Find the number of games it has 
already played and the number it has won. 

9. A laborer received $15 for a certain number of 
days' work.* If he had received 25 cents less a day, it 
would have taken him two days longer to earn the same 
amount. How long did he work? 

10. Two trains run 36 miles at uniform rates. One 
train travels 9 miles per hour faster^than the other and 
makes the trip in 12 minutes less than the other, Fiod 
the rates of the trains. 
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11. A rectangular court can be paved with 288 square 
tiles of a certain size. But if a side of the tile used is 
increased by 3 in., only 162 tiles are needed. Find a side 
of each kind of tile. 

12. A certain number contains two digits. If the num- 
ber is multiplied by the units' digit, the product is 216. 

'But if the number is multiplied by the number obtained 
by reversing the order of the digits, the product is 2268. 
Find the number. 

13. Telegraph poles are set at equal distances apart. 
In order to have two less to the mile, it will be necessary 
to set them 20 ft. farther apart. Find how far apart 
they are now. 

14. A rectangular field of grain contains 30 acres. If 
a strip 10 rd. wide is cut around the field, 15 acres will be 
left uncut. Find the dimension of the field. 

16. The denominator of a certain fraction exceeds the 
numerator by 6. If the numerator of the fraction is 
increased by 3 and the denominator by 15, the value of 
the fraction becpmes f of what it was originally. Find 
the fraction. 

16. The product of two numbers is 85. If the larger 
of the two numbers is divided by the smaller, the quotient 
is 3 and the remainder 2. Find the numbers. 

17. A company contracted to make 252 automobiles. 
Two factories working together, can make this number in 
12 days. Working alone, one factory requires 7 days 
longer than the other to do this amount. Find the number 
of days in which each factory alone can fulfill the contract. 

18. Find two numbers whose sum is 6 and the sum of 
whose cubes is a, 

19. The area of a right triangle is p and the hypotenuse 
is q. Find the other two sides. 
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EXERCISE 91 

1. If a fence is to be 120 ft. long and the posts are 
10 ft. apart, how many posts will be needed? 

2. If a fence is to be a feet long and the posts 6 feet 
apart, and b is an exact divisor of a, how many posts will 
be needed? 

3. If a fence is put around a lot I feet square, and 
the posts are / feet apart, and / is an exact divisor of If 
obtain a formula for N, the number of posts needed. 

4. Make up and solve a similar problem concerning a 
fence about a rectangular field. 

6. Obtain a formula for I, the number of cubic inches 
of iron used in making a pipe I feet long, whose outside 
diameter is d inches and in which the iron is t inches thick. 

6. If two successive discounts di and ^2 are allowed 
on the price of an article, obtain a formula for converting 
these into an equivalent single discount denoted by D. 

Sua. UseZ)=l-(l-di)(l-A). 

Express your formula as a rule. 

By use of the formula, convert two successive discounts of 
40 % and 10 % into a single equivalent discount. 

7. Denoting the number of square feet in the wall 

surface of a barn 
by F, the length 
of the barn by I, 
the width by w, 
the height at the 
eaves by c, and the 
height at the peak 
by p (all dimen- 
sions being in feet), find a formula for F in terms of the 
other letters. 
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If one gallon of paint will give two coats to 200 eq. ft. 
of surface, obtain a formula for G, the number of gallons 
required to paint the bam. 

8. In the adjoining diagram, the 
radius of the large circle is R and of 
each of the small circles is r. Obtain 
a fonnula for A, the area of the part 
of the large ch^le left after the small 
circles have been cut out of it. 

In the shortest way 6ndA whenfi = 
2.34in. andr=.33in. 

9. Obtain a formula for the weight of the pipe, in 
Ex. 5 if 1 cu. in. of iron weighs J lb. 

10. If d represents the size of a dose of medicine for 
an adult and D that for a child, and a the age of the child 

in years, then D= ,■,„ ■ Express this formula as a rule.. 

If 20 drops of a given medicine is a dose for an adult, 
what is the dose for a child 10 years old? For one 6 years 
old? 

11. If the dimensions of a brick are a, b and e inches, 
what does 2ab+2ac+2bc represent? What does abc 
represent? 



CHAPTER VIII 
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104. Graph of a Quadratic Equation of Two Unknown 
X y Quantities. 

Ex. 1. Construct the graph of y=x2— 
5x+6. 




1 
2 
3 
4 
5 

2* 
etc. 

-1 

etc. 



6 
2 


2 



The graph obtained is the curve ABC, A curve of 

this kind is called a parabola. The path of a projectile, 

6 as for instance, that of a baseball when thrown or 

~T batted (resistance of the air being neglected), is an 

.^ arc of a parabola. 
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^ It will be noted that the above method of graphing is 
the same as that given in § 36 (p. 89), but that here it 
is sometimes advantageous to let x have fractional values, 
a^ i; i> iir> h ^tc. The observant pupil will also find 
methods of abbreviating the work in certain cases. 

In general, the graph of a quadratic equation of two 
unknown quantities is a curved line, and, in particular, 
either a circle, parabola, elUpse, or hyperbola. 

Ex. 2. Construct the graph of x^^g ^2 = 36^ 

Before substituting numerical values for x, it saves labor to solve 
the given equation for y and to obtain y= =fc^v^36— x*. 




Since the only power occurring in the equa- 
tion is X*, and the square of a negative number 
is the same as the square of the corresponding 
positive number, the values of y for negative 
values of x are the same as for the corresponding 
positive values of x. 

The species of curve obtained is called the 
ellipse. The practical value of the ellipse is illus- 
trated by the fact that the earth's orbit about 
the sun and the orbits of all the other planets 
are ellipses. Also, in shape the earth, the sun, and planets are 
ellipsoids, that is, solids generated by the rotation of an ellipse 
about one of its axes, (as about AC in the above diagram). 



X 


y 





±2 


1 


±2- 


2 


=fcl.9- 


3 


dbl.7+ 


4 


±1.5- 


5 


±1.1+ 


6 





7 


imag. 
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Ex. 3. Construct the graph of 4 x^— 9 ^2= 36. 

Before substituting, solve and obtain 



X 


y 





imag. 


1 


imag. 


2 


imag. 


3 





4 


±1.7 


5 


±2.6 


6 


±3.4 



etc. 



y= ±1 Vx*-9. 

For negative values of z, the values of y are the 

same as for the corresponding positive values of x. 

^2 g Hence, the graph is a curve of two branches, ABC 

and A'B'C\ of the species known as the hyper^ 

bola. 
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106. Symmetry of Curves. What is a symmetrical 
plane figure as defined in geometry? How many axes of 
symmetry has a square? An equilateral triangle? A 
circle? 

Note that in Ex. 2 on page 169 the ellipse is S3rmmetrical to both 
the axis of x and the axis of y. The same is true of the hyperbola 
in Ex. 3 above. 

How may labor be saved in constructing a graph that 
is symmetrical to one axis only? To both axes? 
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How can you tell from its equation whether a graph will 
be symmetrical to the axis of y? To the axis of xt 



EXERCISE 92 


Graph the following: 






1. y=x'-2. 


13. 


16«2+y2=64. 


2. y=a!2+2a;-3. 


14- 


y2_j52_4_ 


8. y=a^— 3x— 4. 


16. 


X2 — J/2=4. 


4. y = 1.8x2-2.3. 


16. 


xy=3. 


6. y = .7 3?. 


17. 


xy=-3. 


6. y = 20-a?. 


18. 


x-\-xy — 2. 


7. x2+jr'=25. 


19. 


(a;-2)2+y2=9. 


a ^+y^=i- 


20. 


16y2-r«=-16. 


9. a~«+y2=4.7. 


21. 


y2=9a;+l. 


10. ir»=9x-x2. 


22. 


x2+xH-J^ = 25. 


11. 16 3:2+9 y2= 144. 


23. 


x2 = 9. 


12. x2+16y2=64. 


24. 


x2-3a;+2=0. 



Sua. In Ex. 24 show that whatever the value of y, x alwa3rs 
equals 1 or 2. Hence the required graph is two straight lines 
parallel to the y-axis. 

26. 2/= 18 x^. SuQ. Let each space on the v-axis=20. 

26. 2r^=60a:. 28. x2--a^+3 2/2-4=0. 

27. y = 100 X- 16x2^ 29. ^±^=2x-l. 

x 

80.- Point out two of the above graphs which are 
symmetrical to the axis of x (but not to the axis of y). 

81. Also three which are symmetrical to the axis of y 
(but not to the x-axis). 

82. Also three which are symmetrical to both axes. 

« 

88. On one diagram, graph the results obtained by 
letting a = 1, 2, 4, 9 in succession, in x^+y^^a. 

84. Treat in like manner xy=a. 
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106. Graphic Solution of Simultaneous Quadratic 
Equations. 

y+2z-5 = 0. 



Ex. Solve graphically 



Constructing the graph of x*+y*=25, we obtain the circle ABC 
in the diagram below. Constructing the graph of y+2x— 5=0, 
we obtain the straight line FH, 

Measuring the coordinates of the points of intersection of the two 
graphs, we find the points to be (4, —3) and (0, 5). 

These results may be verified by solving the two given simul- 
taneous equations algebraically. 




107. Special Cases: Imaginary Roots. Construct the 

graphs of x^+y^=4i and z+y = 5. You will find that 
these two graphs do not intersect. Then solve the given 
equations in the ordinary algebraic way. You will find 
that the roots are imaginary. If you treat the equations 
^2+2/^ = 1 and 4:X^+9y^ = 36 in the same way, you will 
obtain a similar result. 

In general, imaginary roots of simultaneous equations cor- 
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respond to points of non4ntersection of the graphs of the given 
equaiions. 

Remember that in solving a pair of simultaneous equations, the 
number of values of x (and also of y) is equal to the sum of the 
degrees of the two equations. Hence, if two simultaneous equa- 
tions are both of the second degree, their graphs should interesect 
in four points; and if their graphs are found to intersect in only 
two points, for instance, the other two points must correspond to 
imaginary roots. 

The pupil may illustrate this by graphing and also solving alge- 
braically y * = 4 X and x»+2/* =25. 

EXERCISE 93 

Solve both algebraically and graphically: 

1. j/2=9x. 3. 2/2 = 2 X. 6. an/=-3. 

y— x=0. x+y=4:. x+2/=— 2. 

2.' j/2=:9a;. 4. an/ =4. 6. x^+y^--25. 

2/=3a;. x+y = 5. rr2/=-12. 

7. T^+y^ = 25. 13. 3x^+y^ = 3. 
3x+t/-5=0. 2/ = a;~2. 

8. x2+y2 = 25. 14. a:-2/-6 = 0. 
42/-3x = 0. y^ = 6x-x^. 

9. a?-4 2/ = 0. 16. y =3:^+2 x-5. 
3x2+22/2 = 14, 3x=2/+3. 

10. aP+y^-10y=0. 16. x+iy==2. 
x = 2y. x^+y^ = 9. 

11. aj2+2/2 = i6. 17. x^+y^=^. 
a^+9y2=48, 3x--2y = 12. 

12. 4 2r^-3a^2 = 24. 18. x^^2y. 
a?+2/2 = 6. o^+ly = 9. 

Solve the following graphically, estimating the values 
of X and y to the nearest tenth: 

19. f = 9x. 20. x2+2/2 = 16. 21. X2^=2. 

2/-aj=l. x+2/ = 2. x+y=^5. * 
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22. x2+ir*=ll. 24. a?-4y=17. 
xy=4. 3x=8+4y. 

23. «-4y=4. 2S. 2 05-3 y =6. 
aj2+y2 = 16. 3»+l=4x-4aj'. 

The largest number of points in which a circle can 

intersect an ellipse is illustrated by the 
adjoining diagram. Drawing a like dia- 
gram in each case, state the largest number 
of points in which the following pairs of 
lines can intersect: 

26. An ellipse and an hyperbola. An ellipse and & 
parabola. A straight line and an ellipee. 

27. A parabola and an ellipse. A parabola and an hy- 
perbola. A straight line and a parabola. 

28. The sum of the areas of two square pieces of tin is 
25 sq. ft. A side of the larger piece is 1 ft. longer than a 
side of the smaller. Stating equations in two unknown 
quantities, find graphically a side of each square. 

108. Graphic Solution of a Quadratic or IBgher Equation 
of One Unknown Quantity. By substituting for y in the 
first equation, the pair of equations y=a:2— 5a;+6 and 
y=0 reduces to x^— 5a;+6=0. Accordingly, the graphic 
solution of an equation like x^— 5x+6=0 is obtained by 
solving grapliically y=7?—b x+6 and y=0. 

In other words, the roots of a quadratic equation of one 
unknown quantity, ax2+6x+c=0, are represented graphi- 
cally by the abscissas of the points where the graph of y=a3^ 
+bx+c meets the x-axis. 

Ex. ' Solve graphically x^ — 5 x+6 = 0. 

The graph of 2/=a;*— 5 x+6 is the curved line ABC of the figure 
in § 104 (p. 168). This curve crosses the x-axis at the points 
(2, 0) and (3, 0). . ' . x=2, 3. Roots. The same results are 
obtained by solving the equation z*^5x+6=0 algebraically. 



GRAPHS FOR QUADRATIC EQUATIONS 175 

This method' of solution applies also to a cubic equation 
or to an equation of one unknown quantity of any degree. 

Thus to solve the equation x*— 3 a;*+5 x— 2=0, graph the equa- 
tion y=sx'— 3x»+5x— 2. The abscissas of the points where this 
graph crosses the x-axis have the same value as the roots of the g^ven 
equation »»— 3 «*+6 x— 2=0. 

EXERCISE 94 

Solve both graphically and algebraically: 

1. x2-4 = 0. 4. 4x2+8a;-5=0. 

2. x2-3a:-4=0. 6. x^-Gx+O^O. 
8. x*-4x+l = 0. 6. x3-2x = 0. 

7. x3-2x-l=0. 

SuQ. Solve algebraically by the factor theorem. 

8. x3-x2-6x = 0. 9. x3-2x2-2x+4=0. 

Solve the following graphically, estimating the roots to 
the nearest tenth: 

10. x2-6x+4=0. 12: x2-1.7x-.5=0. 

11. 2a?-4.6x+1.3-0. 13. x3+3x-5=0. 



EXERCISE 96 

1. The population of a certain city for a series of 
years is given in the 
tabulation at the right. 
Make a graph of these 
figures and by extending 
the graph, make an esti- 
mate of the year when 
the population of the 
city will be one million. 



Year 


Population 


Year 


Population 


1885 

1890 
1895 
1900 


327,715 
358,706 
397,445 
448,612 


1905 
1910 
1915 
1920 


546,203 
616,287 
693,203 
782,916 
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2. In two districts the death rates per thousand for a 
period of years were as follows: Graph the facts and 
determine as accurately as you can in what year the 
death rates were the same in the city and country. 



Year 



City 
Country 



1890 



24.3 
16. 



1893 



23.2 
.1 



817 



1896 



23.4 
16.5 



1899 



21.5 
17.9 



1902 



20.3 
18.7 



1905 



18.6 
19.5 



1908 



17.2 
19.8 



1911 



17.4 
20.3 



1914 



15.5 
21.2 



1917 



14.3 

20.8 



1920 



13.1 
19.2 



3. The following table gives the wealth of the United 
States in billions of dollars and the population in millions: 



Year 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Wealth 


7 
23 


16 
31 


30 
39 


44 
50 

• 


65 
63 


89 
76 


165 
92 




Population 

Wealth per capita 



Let the pupil fill in the per capita spaces in the tabula- 
tion, and then graph the three sets of numbers on one 
chart. What important fact can you learn from the chart? 

4. The following tabulation gives the number of 
telephone calls in a residence section and also in a business 
section of a city for certain hours of the day: 



For Hour Ending 

AT 


7 a.m. 


8 a.m. 


a.m. 


10 A.M. 


11a.m. 


Noon 


1 P.M. 


Residence section 
Business section 


43 
62 


352 
187 


1763 
423 


3620 
2762 


3819 
5267 


3219 

4876 


2720 
3818 




For Hour Ending 

AT 


2 p.m. 


3 p.m. 


4 P.M. 


6 p.m. 


6 p.m. 


7 p.m. 


8 P.M. 


Residence section 
Business section 


2416 
3746 


2304 
4723 


2016 
4210 


1920 
3210 


1924 
1690 


1870 
420 


1751 
127 
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Graph these two sets of numbers on the same chart. 
Mention three facts of value which may be learned by 
comparing the two curves. 

6. At noon on the third day from port, a steamer 
had 720 tons of coal in her bunkers and was using coal 
at the rate of 4 tons per hour. Show that the formula 
for the number of tons (T) in her hold with respect to the 
time named is r= 720—4 h. 

Graph this formula, letting each space on the vertical 
or r-axis represent 60 tons. By means of this graph, 
determine the number of tons in her hold 30 hours after 
the time named. Also 20 hours before. 

6. The formula for the area of a circle in terms of the 
diameter is A = J t<P. Make a graph of this formula, 
letting each space on the vertical or A-axis represent 
2 units of area. 

By means of the graph, determine as accurately as you 
can the area of a circle whose diameter is 2^ in. Also 
determine the diameter of the circle whose area is 5J 
sq. in. Is 8f sq. in. 

7. The following are the data from which the tem- 
perature chart of a patient is to be made: 



Dat or Disease 


1 


2 


3 


4 


Morning or 
Evening 


M 


E 
103** 


M 


E 


M 


E 


M 


E 


Temperature 


102.2° 


103.2*' 


102.5° 


105° 


102.5° 


104.6° 



Dat of Disease 


6 


6 


7 


Morning or 
Evening 


M 


E 


M 


E 


M 


E 


Temperature 


102.6° 


105.2° 


102° 


104.8° 


103° 


105° 



I7e 



d> 




■^ - < 



:r.. 



A:-^- 



or tfif. 



r . 



--^ ^-ru -» 



' / 



/ 



y. 



x 



^ ^ ^ 



■'-'.' • - - 






/ i 



J 







/ 4 



I' :'■„■ 



'■•''-■•^■. ' * ^^ Q: 






*iiiefc ^ 



" ^ / 



"" 4 v/,. 



CHAPTER IX 
THEORY OF QUADRATIC EQUATIONS 

109. Character of the Roots Inferred from the Coeffi- 
cients. It is important to be able to infer at once from 
the nature of the coefficients of an equation whether the 
roots of the equation are equal or unequal^ real or imag- 
inary, positive or negative. 

Any quadratic equation may be reduced to the form 
ax^+bx+c=0, in which a is positive. 

Solving ax^+bx+c=0, and denoting the roots by n, 
ft (read, r sub-one, r sub-two), we obtain 



t—^ 



Ti = r , ft = r • 

2a 2a 

From these expressions we infer that 

1. If 6^—4 ac 18 positive, the roots are real and unequal. 

2. If 6^—4 ac equals zero f the roots are real and equal. 

3. If {^— 4 oc is negative , ffie roots are imaginary. 

The roots are rational if 6^—4 ac is a perfect square or 
zero. 

Since the values of 6^— 4ac enable us to discriminate 
between different kinds of roots, this expression is termed 
the discriminant of aa^+bx+c^O. 

Ex. 1. Determine the character of the roots of the 
equation, x^— 2x— 1=0. 

We have a=l, 6= —2, c=— 1. 

6«-4flc=4+4«8. 

Hence, the roots are real and unequal. 
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Ex.2. Ofx2-2x+l = 0. 

Here a=l, 6=— 2, c=l. 

6«-4ac=4-4=0. 
Hence, the roots are real and eqiud. 

Ex.3. Oix^-2x+2 = 0, 

Here a=l, 6=— 2, c=2. 

6«-4ac=4-8=-4. 

Hence, the roots are imaginary. 

The results obtained in Exs. 1, 2, and 3 may be con- 
veniently illustrated by means of graphs. 

It is found that the graph of y=x«— 2 x— 1 is the curve (1) and 

crosses the x-axis at the two 
points A and B (correspond- 
ing to the two roots of 
a:*-2x-l=0). 

The graph of y=x*^2x 
+1 is the curve (2) and 
meets the x-axis at only 
one point (corresponding to 
the two equal roots of 
a;*-2a;+l=0). 

The graph of y=x*— 2x 
+2 is the curve (3) which 
does not meet the x-axis at 
all (which illustrates the fact 
that the roots of the equa- 
tion a;'— 2a;+2=0 are im- 
aginary). 

110. Determining CoefBicients so that the Roots shall 
Satisfy a Given Condition. It is often possible so to de- 
termine the coefficients of an equation that the roots shall 
satisfy a given condition. 




THEORY OF QUADRATIC EQUATIONS 181 

Ex. Find the value of m which will give equal roots 
for the equation {m—l)x^+mx+2m — 3 = 0. 

By § 109, 2, in order that the roots may be equal, 6*— 4ac=0. 
In the given equation, o=rw— 1, 6=m, c=2 w— 3. 

.'. m«-4(m-l)(2m-3)=0. 

m«-8 m^+20 m-12=0. 

7m«-20w=-12. 

w=2, ^. Arw. 

Check. Substituting these values for m in the original equation, 

a:»+2x+l = 0, x«-6x+9=0, 

in each of which equations the roots are equal. 

EXERCISE 96 

Without solving, determine the character of the roots in 

1. r2-5x+6 = 0. ^ 9x2+4 

6. x= — 



2. 3x2-7x-2 = 0. 



12 



3. 4x2=4x-l. ^- ^=i(x'+l). 

4. 3a:^+2x+l=0. «• 35 x+18+12 x^^q. 
3._1 9. Jx2 = 2x-3. 

^' "3""^~^' 10. 7x2+l = 5x. 

11. Determine by inspection the nature of the roots in 
the following: 

(1) x2-4x+2 = 0. (2) x2-4x+4 = 0. (3) x2-4x 
+6 = 0. Verify your results by use of graphs. 

12. In 3x2— 2 x+ 1 = 0, determine the character of the 
roots by solving the equation. Now determine their 
character by the method of § 109. Compare the amoimt 
of work in the two processes. 

13. What is the discriminant in Ex. 4? In Ex. 2? 
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14. What is the character of the roots in an equation in 
which the discriminant is —7.2? Is f? Is zero? 

Determine the value of m for which the roots of each 
equation will be equal: 

15. 2x*-2x+iii=0. 17. (m+l)x»+mx«l. 

16. 2aj2-mx+12i«0. 18. (m+l)a?+3m=12a?. 

19. (in+l)a?+(m-l)«+m+l=0. 
^ 2gg+3g+2 ^ 1 
7+3 x— a? tn 

SI. In Ex. 16, for what values of m are the roots 
imaginary? Real and unequal? 

22. Answer the same questions for Ex. 18. 

28. Show that if one root of a quadratic equation is 
imaginary, the other root must be imaginary also. 

24. State and prove a similar .fact about irrational roots. 

26. In a^— 6x+c="0, substitute (1) a value of c which 
will make the roots of the resulting equation equal; (2) 
a value which will make the roots imaginary; (3) a value 
which will nxake the roots real, unequal, and rational. 

26. Make up a quadratic equation in which the roots 
are imaginary and the coefficient of x^ is 2. 

27. Also a quadratic equation in which the roots are 
equal and the coefficient of x is 12. 

28. Also a quadratic equation in which the roots are 
real and unequal and the absolute term is 5. 

111. Relation betweto Roots and Coefficients. In 
§ 109, a method was obtained of inferring, from the 
coefficients of a quadratic equation, the qualitative nature 
of the roots. A more exact, or quarditative, relation between 
the roots and coefficients will now be obtained. This rela- 
tion will enable us in any given equation to determine the 
sum or product (and often other functions) of the roots, 
without the labor of solving the equation. 
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By § 109 the roots of ax«+6x+c»0 aie 



n 2^ , and n ^^ 



Hence, r.+r, ^"T* 

that is, ri+rj= — . 

a 



/-6+V6«-4ac\/-6-V6i-4ac\ 
^' ^^^'^ i 2^ ) \ Va /• 

&'-(6*-4a<j) 6*-6«+4ac 4ac c 

4 a* 4 a* 4 a* a' 

6 e 
Hence, if ac*+6x+c=0 be reduced to the form, x'^-\ — x-\ — «0, 

a a 

in the latter form, 

The sum of the roots equals the coefficient of x mthsihe sign 
changed; and the product of the roots equals the absolute term, 

Ex. 1. Without solving the equation, iSind the sum 
and also the product of the roots of 5(1—2 x) =3 a?. 

The given equation reduces to x*+V^a;— f —0. 

Hence, sum of roots = — V", product of roots =» — f . Ans. 

The example may be checked by solving the given equation. 

Ebc. 2. Form the equation whose roots are « ^• 

The roots are , r . 

■ . ^ -1+V^-l-V^ -2 , 
Hence, sum of roots= « tt'^ "!• 

TK^A ^ t * l-(-3) 1+3 , 

Product of roots = =— 7-=l. 

4 4 

Hence, x*+a;+l=0 is the required equation. 
Check by solving the equation obtained. 
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EXERCISE 97 

Find, by inspection, the sum and product of the roots in 
each of the following equations: 

1. x2+3x+5=0. 6. a2a?-ax+2=0. 

2. x2-x+7=0. 7. 5x-4ar^ = l. 

3. x^-Sz^lO. 8. 3-7 x = 11x2. 

4. 2x2„Q2.„3=o. ^ z x-a 

9. - = 





2 • 


23. 


1±V-1 


2 • 


24. 


-2±V-2 


2 


26. 


iodbcV-6. 



6. x-t-i- ^_^ . j^ 1-2cx-2m2=3c. 

Form the equations whose roots are 

11. 2,3. 17. .08, -.2. _ 2ifcV2 

12. 3, -2. ig ^^ _^ 

18. -1, -5. ^ 5 

19. ^, --. 
14. 5, .04. ft « 

16. -1, -f. 20. 1+V2,1-V2. 

16. f, -f. 21. -3itV3. 

26. If one root of the equation a^— ^x— f=0 is 3, 
find the other root in two different ways. 

27. If one root of 7?'-2x-l = is 1-V2, find the 
other root in three different ways. 

By use of the principle proved in § 111, show whether. 

28. 1 and —J are roots of 3 7?+4c x— 7 = 0. 

1 7x 

29. \ and -^ J are the roots Qi-^=-^+x^. 

Jo 

30. .34 and —.5 are the roots of x^+.lB x— .17 = 0. ^ 

81. In the equation x2 = 5x— c, find the value of c, if 
the difference between the roots is 11. 
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112. Net Profit Graph. 

Ex. The cost of preparing the machinery to manufacture 
a certain article is $400, after which the cost of manufactur- 
ing each article is 50 cents. If 
each article sells for $1.50^ 
how many articles must be 
manufactured and sold before 
the process becomes profit- 
able? Solve graphically. 

Let each space on the vertical 
axis represent $200 and each space 
on the horizontal axis represent 
100 articles. The diagram shows 
that 400 articles must be made and sold before a net profit begins. 

I^et the pupil check the solution by use of formulas. 
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NUMBER OF ARTICLES 



o o 
o o 

»- CM ro 



O 
O 



EXERCISE 98 

1. The cost of preparing the machinery to manufacture 
a certain article is $300; after which the cost of manufactur- 
ing each article is 25 cents. If each article sells for one 
dollar, show graphically how many articles must be made 
and sold before the process becomes profitable. 

2. The cost of preparing the machinery to manufacture 
a certain article is m dollars, after which the cost of manu- 
facturing each article is 6 doUars. The article sells for 
8 dollars. Obtain a formula for n, the number of articles 
that must be made and sold before there is a net profit. 

3. The tabulation on page 186 gives facts concerning the 
circulation of a certain newspaper, the number of adver- 
tisements printed and the population of the city where the 
paper is published. All these figures are in thousands. 

After charting these facts, from an examination of the 
graphs, answer the following questions: Which grew more 
rapidly, the population of the city or the circulation of the 
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Ybab 


1890 


1895 


1900 


1905 


1910 


1915 


1920 


Circulation 
Number of ada. 
Population 


32 

51 

112 


36 

63 

121 


42 

87 

136 


47 
108 
148 


58 
141 
153 


69 
192 
162 


83 
263 
173 



newspaper? The circulation of the newspaper or the 
number of advertisements printed in it? 

4. The following tabulation shows the population of the 
United States in millions for the years named; also the 
foreign commerce of the United States in millions of dollars. 
Let the pupil calculate and fill in the per capita facts. 



Ybab 



Population 
Oommerce 
Per capita 



00 



§ 

00 



10 



13 



17 



134222 



23 
318 



31 

687 



So 



39 
829 



50 
1504 



00 



63 
1680 



76 
2307 



92 
3429 



Graph the facts on one diagram and state three facts 
which you can learn from an examination of your chart. 

5. Construct a graph of the formula C=t(F— 32), 
letting each space on the vertical (or Centigrade) scale 
represent 5 degrees and each space on the horizontal (or 
Fahrenheit) scale represent 10 degrees. 

By use of this graph, determine the temperature on the 
other scale which corresponds to 0** F. To 32^ F. To 
100** F. To-6**F. TolO^C. To 60^ C. To-12°C. 

6. By use of the chart made in Ex. 6, also find that 
temperature which is represented by the same number of 
degrees on both the Fahrenheit and Centigrade scales. 

Sua. On the diagram construct the graph of C»F and observe 
where it intersects the graph of C«t(/^— 32). 
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Check your answer algebraically by solving C=f (F— 32) 
and C=F as simultaneous equations. 

7. A wholesale fruit dealer found during a certain season 
that when the price of strawberries was 20 cents per quart 
he sold 100 qt. per day; when the price 
was 15 cents he sold 500 qt. daily; when 
the price was 10 cents he sold 1000 qt.; 
when price was 5 cents he sold 3000 qt. 
Construct a graph for these facts. (Let 
each space on the horizontal axis Repre- 
sent 5 cents and each space on the 
vertical axis represent 500 qt.) 

A graph of facts like these is called a 
demand curve. 

For the next year he expected that 
the demand would be 20 per cent 
greater. On the same diagram with the first curve con- 
struct the expected demand curve for the next year. 

Construct graphs for the data in Exs. 8, 9, 10, in each 
case using that one of the three forms; viz., curves, bars, 
or the circle, which you think is most suitable. 

8. The lengths in miles of certain representative rivers 
in the United States are as follows: Hudson, 280; Ohio, 
950; Colorado, 1360; Mississippi, 3160. 

9. The corn crop of the United States in millions of 
bushels, and the population in millions, for the years 
specified were as follows: 





1 
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8000 
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Year 



Population 
Corn crop 
Per capita 



1840 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


17 


23 


31 


39 


1 

50 


63 


76 


92 




377 


592 


839 


1094 


1717 


1689 


2151 


2886 
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10. A man's total income for a certain yesr was tSBSL 
The sources from which it was derived were as follm. 
Salary, $3000; house rents, $700; dividends from stocb. 
$1100; literary work, $400. 

EXBRCISB 99 

RXVIEW 

L Factor: 

(1) ar+4a-3x-12. (3) a«+3a«-4. 

(2) 4-x(4+3x). (4) (a«-6«-c«)«-4 6V. 

^^^'' ^ (x+2Kx-3)"(8-xKx-2)- 



h.JL.)J^.-L.). 



4. Solve for x and check: -r hi — r "-O. 

Solve for x and y and check: 
6. A(3x+4y-3)-TV(2x+7-y)=4l+*(y-8). 
A(9 y+5 x-8)-l(x+y)- A(7 x+6) «a 

6. (a+6)x-(a-6)y«3a6. (o— 6)x-ay-6y«aft. 

7. B worked 3 days on a job after which A, woridng alone, 
completed it in 6 days. Working together they could have done 
it in 4 days. How long would it take each one separately? 

9. If one tank contains water at 210° and another at 110^, 
how many gallons must be taken from each tank to make 120 
gallons at IdO""? 

9. Extract the square ropt of 9 x-^SO x"^ y+13x''*y*+ 
20x"*y«+4x-iy<. 

Simplify: 

12. 3-«-5X4>+8'"*+l">-8(a+6)^ 

13. Multiply 3V2x-6Vx-l by 8^/2x+5Va;-l. 



'M 
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5V7— 1 
14. Evaluate — 7= to three decimal places in the shortest way. 

K^ V7+2 

^'■^' 16. Solve V9+2 x-5 -^ V9+2 x= V2z, and check. 

Solve for x: 

16. Vi+5+>/2a;+8-V7x+21=0. 

17. 3xi = 8xi-4. 18. a6x2+(a«+6«)x+a6«0. 

19. Find three consecutive numbers such that their sum equals 
the product of the last two of the numbers. 

20. One baseball nine has won 6 games out of 15 and another 
8 out of 13. How many straight games must the first win from 
the second in order that their averages shall be equal? 

Solve and check: 

21. x^+Sxy=7. 22. x'+2/'=218a». 
yt+ xy=Q, X*— xy+2/2=109a". 

23. Find two numbers whose difference is 6 and such that the 
sum multiplied by the less equals 176. 

24. The sum of the terms of a given fraction is 14. If the 
numerator is diminished by 2 and the denominator by 3, the 
product of the resulting fraction by the original fractiop is A. 
Find the fraction. 

26. Given that —3.2 is one root of x«+7.7x+ 14.4=0, cal- 
culate the other root (1) from the coefficient of x; (2) from the 
^ absolute term. 

26. Without solving or substituting, determine whether 2 and 

5 are the roots of 2x«— 7x— 15=0. ' 

I* 

27. Find the value of k which makes the roots equal in 
x«+25=9x+A;x. 

28. Solve L=l+-r-r for Z. 29. Solve L= ^,^. , for w. 

3t d{w+p) 

30. To the nearest himdredth evaluate 2.42 ( l+—]Vh, when 

^=10, !r=15, andA=7. 

31. A box (without lid) is made of boards t inches thick. If 
the outside dimensions of the box are Z, w, h inches, obtain a formula 
for the number of board feet, B, used in making the box. 
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32. Plot x^=4 and 2 x—Zy=5 on the same axes and from the 
figure estimate the values of x and y. 



38. Eliminate c between R 



.a(i+d) 



and 2 a— 3 c. 



34. A box car is I feet long and w feet wide. It is filled d feet 
deep with grain. If 1^ cu. ft. of the grain weighs 60 lb., obtain a 
formula for w, the weight of the grain in pounds. 

Graph the numerical facts given in Exs. 35, 36, 37, in each case 
selecting the most appropriate form of graph. 

36. In a recent year the per cents of persons in the United 
States engaged in various gainful occupations were as follows: 

Agriculture, 35 % Domestic service, 10 % 

Manufacturing, 26 % Professional and clerical work, 9 % 

Trade and transportation, 16 % Other occupations, 4 % 

36. In the year 1860 the average production of cereals per farm 
worker in the United States was 266 bushels; in the year 1919 
it was 418 bushels. Can you give any reason for this difference? 

37. The following tabulation gives the population of the United 
States in millions, and the number of thousands of miles of railroad 
in the years specified: 



Yeab 


1840 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Population 


17 


23 


31 


39 


50 


63 


76 


92 




R. R.m'l'ge 


3 


9 


31 


53 


93 


167 


199 


250 




No. mi. per 






> 














1000 pop. 





















38. If water is running through a pipe d inches in diameter 
at the rate of / feet per minute, obtain a formula for the number 
of minutes (ilf ) that will be required to cover an acre of ground 
1 in. deep. 

39. A man has an income of i dollars. All of this above d 
dollars is subject to a tax of a per cent, and all above e dollars is 
subject to an additional tax of b per cent. Obtain a formula for 
7, his total income tax. 



CHAPTER X 
THE PROGRESSIONS 

113. A Series is a succession of terms formed according 

to some laW; as 

1, 4, 9, 16, 25, . • . 

1— x+x'— x«+x*— , . . . 

2, 4, 8, 16, 32, . . . 

114. Utility in an Algebraic Treatment of Series. 

Ex. If a car going down an inclined plane travels in 
successive seconds, 2 ft., 6 ft., 10 ft., 14 ft., etc., how far 
will it go in 30 seconds? 

The direct method of solution would be to set down the" 30 
numbers involved and add them. But by investigating the laws 
of the series involved and expressing these as formulas, it will be 
found (see § 117) that this long addition can be converted into 
two short multiplications and much labor can thus be saved. 

The algebraic study of the laws of series will enable us to save 
labor in various ways, and to obtain other important results. 

Arithmetical Progression 

116. An Arithmetical Progression is a series each 
term of which is formed by adding a constant quantity, 
called the difference, to the preceding term. 

Thus, 1, 4, 7, 10, 13, . . . is an arithmetical progression (denoted 
by A. P.) in which the difference is 3. 

Given an arithmetical progression, to determine the 
difference: from any term {except the first) subtract the pre- 
ceding term. 

191 
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Thus, in the A.P., f, -f, -3, 

the difference = — f — f = —f . 

116. Quantities and Symbols. In an A. P. we are 

concerned with five quantities: 

1. The first term, denoted by a. 

2. The common difference, denoted by d 

3. The IcLst term, denoted by I, 

4. The number of terms, denoted by n. 
6. The sum of the te'nns, denoted by s. 

117. Two Fundamental Formulas. Since in an A. P. 
each term is formed by adding the common diflference, d, 
to the preceding term, the general form of an A. P. is 

a, a+d, a+2 d, a+3 d, . . . 

Hence, the coefficient of d in each term is one less than 
the number of the term. 

* Thus, the 7th term is a+6 d, 

12th term is a+11 d, 

nth term is a+(n— l)d. 

Hence, i = a+(n— l)d (1) 

Also, 

5 = a+(a+d) + (a+2d)+ . . . +(Z-d)+Z. . (2) 

Writing the terms of this series in reverse order, 

s = i+(Z-d) + (Z-2d)+ . . . +(a+d)+a. . . (3) 

Adding (2) and (3), 

2s = (a+0 + (a+0 + (a+0+ . . . +(a+Z) + (a+0 
= w(a+Z). 

:. 8=^(o+Q : (4) 

If we substitute for I in (4) from (1), 
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« = |[2a+(n-l)d]. (5) 

Hence, combining results, we have the two fundamental 
formulas for I and 8, 

I. Z = a+(w— l)d. 
11. « = |(a+Z). 

«=|[2a+(n-l)d]. 

Thus, Formula I substitutes a multiplication for succes- 
sive additions of the common difference; and Formula II 
substitutes a multiplication for the addition of the suc- 
cessive terms. 

Ex. 1. Find the 12th term and the sum of 12 terms of 
the A. P., 6, 3, 1, -1, -3, . . . 

In this series a=5, d-— 2, n = 12. 

From I, Z=5+(12-l)(-.2) =5-22 = -17. 

From II, «=J^(5-17) = -72. Sum. 

Ex. 2. Find the sum of n terms of the A. P., 

a+b g— 6 a— 3 6 
2 ' 2 ' 2 ' * • ' 

Here ^"""o"' o=-o, ri'^n. ^ 

n 
Substituting in the fundamental formula, 8 =-[2 a+(n— l)dl, 

»-|[o+6+(n-l)(-6)] 
-^[o+(2-n)6]. Sum. 
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EXERCISE 100 

J J ■ « • * 

1. Give the value of d in Exs. 2-15. 

2. Find the 8th term in the series 3, 7, 11, . . . 

3. Find the 9th term and the sum of 9 terms in 7, 3, 

4. Find the 20th and 28th terms in 5, ^, ^, . . . 

5. Find the 16th and 25th terms in — 13^, —9, — 4^, . . . 

6. Find the 10th term and sum of 10 terms of $1.12, 

Find the sum of the series: 

7. 3, 8, 13, ... to 8 terms. 

8. 3, —3, —9, ... to 9 terms. 
S« "" i> i> i> • • • to 38 terms. 

10. — f, — f, — Hi • • • to ^^ terms. 

11. 5V2-2V3, 4V2-3V3, ... to 11 terms. 

1 1 

12. 3 a — , 2 a, a-\ — , ... to 12 terms. 

a a 

13. 6, 3, 0, —3, —6, ... to p terms. 

14. 5, 3, 1, — 1, ... to n terms. 

16. 2x—y, x+y, 3 2/, ... to r terms. 

16. Find the sum of the first 30 odd numbers by writing 
them down and adding them. Now find their sum by use 
of the formula. Compare the amount of work in the two 
processes. 

17. Sow many strokes does a clock make in striking 
each hour of the day? 

18. If a man saves $100 in his 20th year, $150 the next 
year, and $200 the next, and so on through his 50th year, 
how much will he save in all? 

19. A body rolling down an inclined plane goes 6 ft. in 
the first second, three times as far in the next second, 5 
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times as far in the third second, and so on. How far will 
it go in 10 seconds?- 

118. Given any Three of the Five Quantities, a, d, l^ 
n, 8, to Find the Other Two. 

The method in general is as follows: 

// the three known quantitiea are found in one of the formulas 
of § 117, svbstituie the three given values in the formula and 
solve the resulting equation. 

The remaining unknown quantity may then he found by 
use of one of the other formulas of § 117. 

If the three given quantities do not occur in one of the 
formulas of § 117, substitute in two of these formulas and 
solve by elimination. 

Ex. 1. Given Z=13, s=49, n = 7, find a and d. 

n 
Since the letters Z, «, n, and a all occur in the fo.rmula « -z(a+0, 

substitute the values of Z, 8, and n in this formula. 
Hence, 49 =i(aH- 13), 

98=7aH-91. .*. a = l. Ans. 

From Z=a+(n-l)d, 

13 = l+(7-l)d. .-. d=2. Ans. 

Ex. 2. Given d = 2, Z = 21, s = 121, find a and n. 

Since dj Z, and s do not occur in one formula, we substitute for 
(Z, Z, 8 in Formulas I and II. 

Hence, 21=aH-(n-l)2, (1) 

12i.!^^421) ^2) 

.-. aH-2n=23, (3) 

an +21 n =242. (4) 

Substitute for a in (4) from (3), 

n(23-2n)+21n=242. 

Whence, n = ll. , 

^ Ans. 

Hence, from (3)y a^ 1. 
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EXERaSE 101 
Find the first term and the sum of the series when 

1. d = 3, Z=40, n = 13. 2. d=l, Z=18i, n=33. 

Find the first term and the common difference, when 

8. « = 276, Z=45, n = ll. 4. «=4, Z=-10, n=8. 

5. «=-iyt, Z=-4, n=47. 

6. For an article bought on the instaUmei^t plan, the 
interest on unpaid balances is the following series: $.08, 
$.16, $.24, . . . , up to $1.92. Find thek sum. 

Find n and d when 

7. a=-5Z, Z=15, « = 105. 8. a = A,Z= -f,«= -2i. 
Find a and n when 

9. « = 10, d = 3, Z = 8. 10. 8 = 10, d=-3, Z=-4. 

11. Z=-8, d=-3, s=-3. 

12. Z=-|, d=-^, s=-i^. 

How many consecutive terms must be taken in the 
series 

18. 1, 1^, 2, ... to make the sum 45? 

!*• i* h i) ' ' ' to make the sum —1? 

16* i> f > 1> • • • to make the sum 4.5? 

16. A body rolling down an inclined plane goes 6 ft. 
the first second, 18 ft. the next second, 30 ft. the third 
second, and so on. In how many seconds will it have 
traveled 486 ft. 7 

119. Arithmetical Means. 

Ex. Insert 9 arithmetical means between 1 and 5. 

We have given a = l, Z=5, n = ll. Hence, we find d-f. 
The required means are therefore 1%, H, 2^, . . . Ans, 

In case only a single arithmetical mean is to be inserted 
between two quantities, a and 6, this one mean is found 
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most readily by use of the formula — h^. For if x denotes 

the required mean, the A. P. is a, x, 6. 
Hence, x—a = b—x, 

2x = a+b. 

_ a+h 
x^ 2 • 

EXERCISE 102 

Insert 

1. Four arithmetical means between 7 and —3. 

2. Seven arithmetical means between 4 and 6. 

3. Fifteen arithmetical means between — 4J and 9. 

4. The arithmetical mean between 2^ and — 5f. 

5. The arithmetical mean between p+1 and p— 1. 

7) Q ^ \ 1 

6. Find the A. M. between - and -. — i— and . 

q p r+8 r— « 

"7. If the height of Bunker Hill Monument is 221 ft., 
of the Washington Monument 555 ft., and the length of 
the Olympic 882 ft., by how much does the middle one of 
these numbers differ from the arithmetical mean between 
the other two? 

8. Rome was founded 753 B. C. and fell A. D. 476. 
How far is the latter number from being an arithmetical 
mean between the former and the number of the year in 
which Columbus discovered America? 

9. Arithmetical means are to be inserted between 1 
and 21 in such a way that their sum shall be 132. Find 
the first two of these means. 

10. Show that if twice one number equals the sum of 
two other numbers, the three numbers may be arranged 
as an A. P. 
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120. Miscellaneous Examples. 

Ex. 1. The 7th term of an A. P. is 5, and the 14th 
term is —9. Find the first term. 

By the use of Formula I (§ 117), 

the 7th term is a+6 d, and the 14th term is a+13 d, 

.-. a+ 6d= 6. (1) 

a+13d=-9 (2) 

Subtractmg (1) from (2), 7d = -14. 

d=-2. 
Substitute for d in (1), a-12 = 6. 

a = 17. Ans. 

Ex. 2. The sum of five numbers in A. P. is 16, and the 
sum of the 1st and 4th numbers is 9. Find the numbers. 

Denote the numbers by 

z-2y, z-y, x, x+y, x+2y. 

Add, 5x = 15 (1) 

Also (x-2y)+(a;+i/)= 9. 

2x-y= 9 (2) 

From (1) x=3; hence, from (2) y = —3. 

Hence, the numbers are 9, 6, 3, 0, —3. Ans. 

Similarly, in dealing with four unknown quantities in A. P., we 
may denote them by 

x-3y, x-y, x+y, x+3y. 

EXERCISE 103 

Find the first two terms of the series wherein 

1. The 4th term is 11 and the 10th is 23. 

2. The 6th term is -3 and the 12th is -12. 

3. The 5th term is c— 3 6 and the 11th is 3 6—5 c. 

4. Find the sum of the first n odd numbers. State 
the result obtained as a rule in general language. 
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6. Set down the first 20 odd numbers and find their 
, sum by addition. Now find their sum by the formula 
result obtained in the preceding example. Compare the 
amount of work in the two processes. 

6. Find the sum of the first n numbers divisible by 7. 

7. Which term in the series IJ, IJ, 1§, . . . is 18? 

8. The first term of an arithmetical progression is 8; 
the 3d term is to the 7th as the 8th is to the 10th. Find 
the series. 

9. Find four numbers in A. P., such that the sum of 
the first two' is 1, and the sum of the last two is —19. 

10. Find four numbers in A. P. whose sum is 16 and 
whose product is 105. 

11. A man travels 2 J mi. the first day, 2f the second, 
3 the third, and so on; at the end of his journey he finds 
that if he had traveled 6J mi. every day he would have 
required the same time. How many days was he walk- 
ing? 

12. The sum of 10 numbers in an A. P. is 145, and the 
sum of the fourth and ninth terms is 5 times the third 
term. Find the series. 

13. If the 11th term is 7 and the 21st term is 8f, find 
the 41st term of the same A. P. 

14. In an A. P. of 21 terms the sum of the last three 
terms is 23, and the sum of the middle three is 5. Find 
the series. 

16. Required five numbers in A. P., such that the sum 
of the first, third, and fourth terms shall be 8, and the 
product of the second and fifth shall be —54. 

16. The sum of the first 8 terms of an A. P. is 64, and 
the sum of the first 18 terms of the same A. P. is 324. 
Find the series. 



200 A SECOND BOOK IN ALGEBRA 

17. The 5th term of an A. P. is 13, and the 13th term 
is 37. Find the sum of 21 terms of the A. P. 

18. The 14th term of an A. P. is 38; the 90th term is 
152; and the last term is 218. Find the number of terms. 

19. How many numbers of two figures are there divisi- 
ble by 3? By 7? How many numbers of three figures 
are divisible by 6? By 9? 

20. How many numbers of four figiires are there divisi- 
ble by 11? Find the sum of all the numbers of three 
figures divisible by 7. 

21. If a car starts at the top of a hill and runs down an 
inclined track 2 ft. the first second, 6 ft. the next second, 
10 ft. the next, etc., and reaches the bottom in 12 seconds, 
how long is the track? 

22. If a body falls 16^ ft. in the first second; three 
times this distance in the next second; five times in the 
third, and so on, how far will it fall in the 30th second? 
How far will it have fallen during the 30 seconds? In 
how many seconds will it have fallen 6433 J ft.? 

23. If a, 6, c, d, are in A. P., prove: (1) that a+d=b+c; 
(2) that aJfc, bk, ck, dk, are also in A. P.; and (3) that a+k, 
b+k, c+k, d+k are in A. P. State this problem without 
the use of the symbols, a, 6, c, d, k; that is, in general 
language. 

Geometrical Progression 

121. A Geometrical Progression is a series each term 
of which is formed by multiplying the preceding term by 
a constant quantity called the ratio. 

Thus, 1, 3, 9, 27, 81, ... is a geometrical progression (or G. P.) 
in which the ratio is 3. 

Given a geometrical progression, to determine the ratio: 
divide any term by the preceding term. 
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Thua, in the G. P., -3, |, -J, . . . ^Z 

the ratio "-^> or — -. 

122. Quantities and Sjrmbols. The symbols a, 2, n, s 
have the same meaning as in A. P. Besides these^ r is 
used to denote the ratio. 

123. Two Fundamental Formulas. Since in a G. P« 
each term is formed by multiplying the preceding term by 
the common ratio, r, the general form of a G. P. is 

a, ar, aj^, a'fi, ar^, . . . 

Hence, the exponent of r in each term is one less than 
the number of the term. 

Thus, the 10th term is ar^, 

15th term is ar^^, 

nth term, or l^ar^'"^. . . . (1) 

In deriving a formula for the sum, we know, also, 

s = a-{'ar+ar^+ . . . +ar'''''^ (2) 

Multiply (2) by r, 

r8 = ar+ar^+aT^+ . . . +ar^'''^+ar^. • . (3] 

Subtract (2) from (3), 

rB—B^ar^—a 

r— 1 ^ '^ 

Multiply (1) by r, rl = ar*. 

Substitute rl for ar* in (4), 

rl—a ,-. 

« = T (5) 

Hence, collecting the results obtained in (1), (4), (5) 
we have the two fundamental formulas for I and s: 



202 A SECOND BOOK IN ALGEBRA 

I. l=ar^^\ 
11. « = 



ar^—a 



r-1 • 

rl—a 
r— 1 

Ex. 1. Find the 8th term and sum of 8 terms of the 

Vjr. JL •; 1; Oy Uf ^'J • • • 

In this case a = l, r=3, n=8. 
From I, Z = 1X3^ =2187. 

From II, ^^ ox^io 1 ^3280. ^^, 

Ex. 2. Find the 10th term and the sum of 10 terms of 
the G. P., 4, -2, 1, -i, . . . 

Here a =4, r=-§, n = 10. 

Hence, l=^i-^y^ '-zts= -rh* 

, (-|)(-T^)-4 341 

"- =j::i -128- ^^^• 

EXERCISE 104 

Give the value of r in Exs. 2-15. 

1. Find the 6th term in the series 2, 6, 18, ... . 

2. Find the 7th term in 3, 6, 12, . . . 

3. Find the 6th and the sum of 6 terms in 45, —15, 
%}j .... 

4. Find the 5th and the sum of 5 terms in 81, — 54, . . . 

6. Find the 4th and the sum of 4 terms of 105; 
1.052, _ . 

6. Find the 9th term in the series 2, 2V2, 4, . . • 

111 

7. 15th term of t, jo, rg- , . • . 

t) © ^D 

8. nth term of p, -, ^, ^> • • J 
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Find the sum of the series 
9. 3, -6, 12, . . . to 6 terms. 
10. 27, -18, 12, . . . to 7 terms. 
U. f,-J, ^, .. .toSterms. 

12. ~,l,Vz,...toS terms. 

13. V^-1, 1, V^+1, . .. to6terma. 

14. 1, 2, 4, 8, ... to n terms. 

16. The following is a, series of specific gravities: cork, 
.25; oak wood, .75; aluminum, 2.5; iron, 7.5; platinum, 
21.5. By how much does each term of this aeries difEer 
from the corresponding term in a G. P. whose first term 
is .25 and whose ratio is 3? 

(What is meant by specific gravity?) 

16. If the average age of parents is taken as 30 years, 
find the total number of a person's ancestors in a period 
of 600 years. 

17. The population of the United States in the year 
1900 was 76,300,000. If this should increase 50 % every 
25 years, what would the population be in the year 2000? 

18. If a man saves $300 each year for 10 years, what 
is the amount of his savings in 5 years at compoxmd in- 
terest at 5 per cent? In 10 years? 

19. A ship was built at a cost of $70,000. Her 
at the end of each year deducted 10 % from her v 
estimated at the beginning of the year. What 
estimated value at the end of 10 years? 

20. A grain of wheat, when planted, produced ; 
on which were 30 other grains. The next year e 
these 30 grains was planted and produced similar sta 
this process were continued, at the end of 10 yea 
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many bushels would be produced in the last crop it 1 quart 
contains 2000 grains? 

124. Given Three of the Five Quantities a, 2, n, «9 r, 
to Determine the Other Two. 

Use the same general method as that given in §118 
(p. 195), for A. P. 

Ex. 1. Given a=— 2, n = 7, Z=— 128; find r, s. 

Prom I, • -128- -2 r«. 

Hence, r««64, r-db2. 

Prom II, if r- +2, ^^^(z^^tlL:?!^ -256+i« -254. 

„, „ . (-2)(-128)-(-2) 256+^ „ 
Ifr--2, a- ^2=1 =3 ^• 

Hence, there are two sets of answers; viz.: 

r- 2. .-254. 1 ^^ 
r=-2, «=- 86. J 

Ex. 2. Give a = J, r= -f, s = ^; find i, n. 

The most convenient method of solution is to find, first {, then n. 

Substituting in the formula, a -^j=f, 

162-4=1 V ^^"^^' '"~32i- ^~- 
Using l^af^'\ «^«|(-j)-i. 

Whence, -yirXj^C-ir'S and n=6. Arw. 
Let the pupil check these results. 

EXERCISE 106 
Find the first term and the sum when 
f 1. n=6, r=3, Z=486. 2. n = 8, r=-2, ?= -640. 
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Find the ratio when 

3. a= -2, Z=:2048, n = 6. 4. a = 9, Z = Y, « = 23f 
Find the number of terms when 

6. a = 2, r=2, s = 62. 6. a = t, Z=tV> ^=i- 

How many consecutive terms must be taken from the 
series ^ 

7. 2, 4, 8, . . . to make the sum 62? 
8- h h h ' ' - to make the sum m? 

126. Geometrical Means. 

Ex. Insert 5 geometrical means between 3 and 7^. 

We have given a =3, I'^si^y n=7, to find r. 

Solving by § 124, r=i. 

Hence, the required geometrical means are 

1> ■§■» ii TTi TT' -Aws. 

In case only one geometrical mean is to be inserted 
between two quantities, a and b, this one mean is found 

most readily by using the formula Vab. For if x repre- 
sents the geometrical mean between a and b, the series 

will be 

a, X, b. 

Hence, -=-. /. x^ = db, x^Vab. 
* a X 

EXERCISE 106 

Insert 

1. Three geometrical means between 8 and J. 

2. Three geometrical means between f and ^. 

3. Six geometrical means between ^ and ^^. 

4. Four geometrical means between — ^ and 3584. 
6. Six geometrical means between 56 and — •^. 



306 
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Find the geometrical mean between 

6. 4iand|. 9. .7 and 3.43. 

7. 28 a3x and 63 axy*. ^^^ .005 and .125. 



8. 



7^ 



and 



-^- 11. 5V2+I and 5V2-I. 



8 , n2 



12. Insert 7 geometrical means between ~ and ^. 

13. Is a mean proportional between two numbers the 
same as the geometric mean between the numbers? 

126. Miscellaneous Problems. 

Ex. Find four numbers in G. P. such that the sum of 
the first and fourth is 56, and of the second and third 
is 24. 

Denote the required numbers by a, or, ar\ arK 



Then 



Or 



Divide (1) by (2), 
Hence, 



And 

HencCi the numbers are 

Or 



a +ar»= 66. 

or +flr« =24. 

a(l+r»)=56 (1) 

ar(l+r)=24 (2) 

l-r+r* 7 
r ^3' 

3-3r+3r«=7r. 

3r»-10r=-3. 

r=3, i. 

a =2, 54. 

2, 6, 18, 54. 

54, 18, 6, 2. J 



An8. 



EXERCISE 107 

Find the first two terms of the sbries in which 

1. The 3d term is 2, and the 5th is 18. 

2. The 4th term is f and the 9th is 48. 
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8. The 5th term is 6 and the 11th is ^. 

Determine the nature, whether arithmetic or geometric^ 
of each of the following series: 

*• 4> t> 4> • • • ®» S> 4> T> ' • • 

8. Divide 65 into 3 parts in geometrical progression, 
such that the sum of the first and third is 3| times the 
second part. 

9. There are 3 numbers in G. P. whose sum is 49. 
The sum of the first and second of these numbers is to 
the sum of the first and third as 3 to 5. Find the numbers. 

10. Find four numbers in G. P., such that the sum of 
the first and third is 10, and of the second and fourth 30. 

11. Three numbers whose sum is 24 are in A. P., but 
if 3, 4 and 7 are added to them respectively, the sums 
obtained will be in G. P. Find the numbers. 

12. The sum of $225 was divided among four persons 
in such a manner that the shares were in G. P., and the 
difference between the greatest and least was to the 
difference between the means as 7 is to 2. Find each share. 

1 — 2 

13. Find the sum of —7= — , V2, -7= — , . . . ad in' 
finUum. ^-1 ^+1 

14. There are four numbers, the first three of which 
are in G. P., and the last three are in A. P.; the sum of 
the first and last is 14, and of the means is 12. Find the 
numbers. 

16. If the series f , i, . . . is arithmetical, find the 102d 
term; if geometrical, find the sum to infinity. . 

16. Insert between 2 and 9 two numbers, such that the 
first three of the four may be in A. P., and the last three 
in G. P- 



208 A SECOND BOOK IN ALGEBRA 

17. Prove that the series V2-1, 3V2--4, 2(5V2-7), 
... is geometrical; that its ratio is 2 — V2; and that its 
sum to infinity is unity. 

18. On p. 23 a table gives the amount of $1 in differ- 
ent periods of time at simple interest and also at compound 
interest. Which of these three series oi numbers forms an 
A. P. and which a G. P.? 

19. If an air pump at each stroke removes | of the air 
in a receiver, what fraction of the air is left at the end 
of 10 strokes? 

20. If the amount of air in a receiver is indicated by 
the height of a mercury column in a tube attached to the 
receiver, and this height is 30 in. at the start, what will 
the height of the mercury be at the end of the 10 strokes 
mentioned in Ex. 19 ? 

21. There were 2,500,000,000,000 tons of coal in the 
United States in the year 1910, and 3,000,000,000 tons 
were consumed between the year 1900 and 1910. If the 
consumption of coal should double every decade, tell to 
the nearest decade how long the coal in the United States 
would last. 

EXERCISE 108 

1. A cylindrical cistern is d feet in diameter and h feet 
deep. Obtain a formula for G the number 
of gallons the cistern will hold if 7| gallons 
are taken as equivalent to 1 cu. ft. 

2. Find the same if 1 gal. is taken as 231 
cu. in. 

3. An oil can has the shape of a cylinder 
topped by a cone. If the diameter is d 
inches, the height of the cylinder h inches, 
and the height of the cone c inches, and 
1 gal. = 231 cu. in., obtain a formula for the 

number of gallons of oil the can will hold. 
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4. A rectangular tank is I feet long and w feet wide. 
Water is running into the tank at the rate of c cubic feet 
per minute. Obtain a formula for g, the number of inches. 
(/) the water will rise in the tank per hour. 

6. Find the same if, instead of c cubic feet, the water 
is iSowing into the tank through a circular opening d inches 
in diameter at the rate of / feet per minute. 

6. In selling a certain article, a merchant wishes to 
fix an asking price such that he can give two successive 
discounts of 20 % and 10 % and still make a profit of 40 % 
on the article. If c is the cost price, a the asking price, 
and 8 the selling price, find a formula for a in terms of c. 

7. Work Ex. 6, after changing 20 % into di, 10 % into 
{fe, and 40 % into g. In solving this problem what letter 
was eliminated between what two formulas? 

8. If the dimensions of a school room are l, w, h feet, 
and 200 cu. ft. of space are allowed for each pupil, the 
^umber of pupils (P) allowable in the room is given by the 

formula •P=9?j^- Express this formula as a rule. 

9. By use of the formula given in Ex. 8, determine the 
amount of floor space a room should have, to accommodate 
36 pupils, if the room is 12 ft. high. 



CHAPTER XI 

LOGARITHMS 

127. The Logarithin of a number is the exponent of that 
power of another number, taken as the base, which equals 
the given number. 

Thus, 1000=10*. Hence, log 1000 » 3, 10 being taken as the 
base. 
Again, if 8 is taken as the base, 4=81. Hence, log 4=f. 
If 5 is taken as the base, log 125=3, log i^jr =log 5"*= —2, etc. 

The base is sometimes stated as above; but when desir- 
able, it is indicated by writing it as a small subscript to 
the word log. 

Thus, the above expressions might be written, 

logio 1000=3; log8 4=t; logs 125 = 3; log. ^=-2; etc. 

In general, by the definition of a logarithm, 

number = (base)***^*^, 

or N = BK Hence, , logs N = L 

Hence, logarithms are simply special forms of exponents. 

Ex. 1. Express 2^ = 8 in the logarithmic form. 

We have, log2 8=3. Ans. 

Ex. 2. Express log2 16=4 in the exponential form. 

We have 2*= 16. Ans. 

Ex. 3. If the base is 3, what is the log of ^? 

210 
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/. logi — = -4. Ana, 
Ex. 4. If the base is 10, what is the log of .001? 

.*. log .001= -3. Ans. 

When 10 is tne base, it is the custom not to write it as a sub- 
script, and to leave the place for the subscript blank. See the 
preceding example. 

EXERCISE 109 

1. Express the following in logarithmic form: 3^ = 9; 
2* = 16; 43 = 64; 92 = 81; 2^=4; 3^ = 27; a^^c] 4o = l; 
aO = i; 8i=4; 91 = 27. 

2. Express the following in exponential form: logs 
81=4; log2 32=5; logs 64 = 2; logg 81 = 2; loge 216 = 3 
logaQ = c; log4l = 0; logs 1 = 0; log25 125=|; logi6 8 = f. 

3. If the base is 2, state the logarithm of 2; 4; 32 
128; i; A; A; 1. 

4. If the base is 4, give the log of 1024; 64; 16; 1 
16; i. 

6. If the base is 10, state the log of 10; 1000; 100 
10,000; 1; .1; .01; .0001; .001. 

6. SunpUfy logs O+logs 27+log4 64+log4 A+loga i+ 

7. Simplify log2 32— log2 A^+log4 8— logs 16. 

8. Simplify log 3 log2 4+2 logs 9+logio .1— logs J. 

9. If the base is 10, what is the log of 10? Of 100? 
Hence, the log of any number between 10 and 100 lies 
between what two consecutive whole numbers? 

10. If the base is 10, what is the log of 1000? Hence, the 
log of any number between 100 and 1000 lies between what 
two consecutive whole numbers? 
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11. The log of any number between 1000 and 10,000 
lies between what two consecutive whole numbers? 

12. Show that logVlO = .6. That log Vio6o = 1.5. 
That log VT= - .5. That log ^MOO = .6667. 

128. Uses of Logarithms. One of the principal uses of 
logarithms is to simplify numerical work. For instance^ 
by logarithms the numerical work of multiplying two num- 
bers is converted into the simpler work of adding the 
logarithms of these numbers. 

To illustrate this principle, we may take the simple case 

of multiplying two numbers which are exact powers of 10, as 

1000 and 100. Thus, 

1000=10' 

100=10' 
Hence, 1000 X 100 =10* =100,000, 

the multiplication being performed by the addition of exponents. 
Similarly, if 384 = 102««3+ 

and 25=10^-«»^*+. 

To multiply 384 by 25, 
Add the exponents of lo^ M433+ ^^ iq^.zv!^-^ ^hus obtaining 

1Q3.Q8227+ 

Then get from a table of logarithms the value of io*®^^^+ : viz., 
9600. 

In like manner, by the use of logarithms, the process of 
dividing one number by another is converted into the 
simpler process of subtracting one exponent, or log, from 
another. The process of involution, also, is converted 
into the simpler process of multiplication; and the extrac- 
tion of a root into the simpler process of division. 

We can save labor still further, through the use of 
logarithms, by committing to memory the logs of numbers 
that are frequently used, as of 

2, 3, ... 9, TT, Vtt, -, V2, V3, etc. 



!•.•>/- 



r .- 



I =y' 



r 



i 



-i* _'. 



VT* 



.vf 
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By the use of the slide ruley the practical use of loga- 
rithms is reduced to sliding one rod along another and 
reading off the number at one end of a rod. 

It will be a useful exercise to teach the class the use of the slide 
rule in connection with the study of this chapter. 

EXERCISE 110 

1. Write out the value of each power of 2 up to 2^® in 
the form of a table. 

Thus, 21=2, 2«=4, 2»=8, etc. 

2. By means of this table, multiply 32 by 8, perform- 
ing the multiplication by the addition of exponents. 

3. In like manner, convert each of the following mul- 
tiplications into an addition: 32X16, 64X32, 1024X16, 
612X64. 

4. Convert each of the following divisions into a 
subtraction : 1024 h- 16, 512 -^ 64, 32,768 -5- 1024. 

6. Convert each of the following involutions into a 
multipUcation: (32)3, (54)2^ (32)4. 

6. Convert each of the following root extractions into 
a division: v^64, ^1624, v'^iQOe. 

7. If the base is 10, what is the log of 1? Of .1? 
Hence, the log of any number between 1 and .1 (as of .7) 
lies between what two consecutive whol6 numbers? 

8. If the base is 10, what is the log of .01? Hence, 
the log of any number between .1 and .01 (as of .07) lies 
between what two consecutive whole numbers? 

9. The log of any number between .01 and .001 (as of 
.007) lies between what two consecutive whole numbers? 

129. Characteristic and Mantissa. If a given number, 
as 384, is not an exact power of the base, its logarithm, as 
2.58433+, consists of two parts: the whole number, called 
the characteristicj and the decimal part, called the mantissa^ 



214 A SECOND BOOK IN ALGEBRA 

To obtain a rule for detennining the characteristic of a given 
number (the base being 10), we have: 

10,000=10*, hence log 10,000=4; 

1000= 10», hence log 1000 =3; 

100= 10«, hence log 100=2; 

10=10S hence log 10=1. 

Hence, any number between 1000 and 10,000 has a logarithm 
between 3 and 4; that is, its log is 3 plus a fraction. 

But every integral number between 1000 and 10,000 contains 
four digits. Hence, every integral number containing four figures 
has 3 for a characteristic. 

Similarly, every number between 100 and 1000 (i.e., a number 
containing three figures to the left of the decimal point) has 2 for a 
characteristic. 

A number between 10 and 100 (i.e., a number containing two 
integral figures) has 1 for a characteristic. 

Every number between 1 and 10 (i.e., every number containing 
one integral figure) has for a characteristic. 

Hence, the characteristic of an integral or mixed number 
is one less than the number of figures to the left of the ded-' 
mul point. 

130. Characteristic of a Decimal Fraction. 
1 = 100. .-.log 1 = 0; ^ 

.-. log.l=— 1; 



.1 


1 

10 


10-1. 




.01 


1 

100 


1 

"102 


10-2 


)or 


1 

1000 


1 

Vfi' 


= 10- 



log .01= -2; 



log .001 = -3, etc. 



Hence, the logarithm of any number between .1 and 1 
(as of .4, for instance) will lie between —1 and 0, and 
hence will consist of — 1 plus a positive fraction. 
\ The logarithm of every number between .01 and .1 (as of 
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.0372, for instance) will be between —2 and —1, and hence 
will consist of —2 plus a positive fraction; and so on. 

Hence, the characteristic of a decimal fraction is negative, 
and is numerically one more than the number of zeros be- 
tween the decimal point and the first significant figure. 

There are two ways in common use for writing the 
characteristic of a decimal fraction. 

Thus, (1) log .0384=2.5S433, the minus sign being placed over 
the characteristic 2, to show that it alone is negative, the man- 
tissa being positive. 

Or (2) 10 is added to and subtracted from the log, giving 

log .0384=8.58433-10. 

In practice, the following rule is used for determining 
the characteristic of the logarithm of a decimal fraction: 

Take the number of zeros between the decimal poirU and 
the first significant figure; subtract it from 9, and annex 
—10 after the mantissa. 

EXERCISE 111 

Give the characteristic of 

.08267. 11. 7. 

1.0042. 12. 6267.3. 

7.92631. 13. .000227. 

.007. 14. 100.58. 

.0000625. 16. 23.7621. 

5S to the left of the decimal point 
(or how many zeros immediately to the right) are ^ there 
in a number, the characteristic of whose logarithm is 3? 
2? 5? 1? 0? 4? 8-10? 7-10? 9-10? 

17. Can you make up a rule for fixing the decimal point 
in that number which corresponds to a given logarithm? 

18. If log 632 = 2.8007, express 632 as a power of 10. 



1. 


452. 


6. 


2. 


16,730. 


7. 


8. 


767.5. 


8. 


4. 


64.56. 


9. 


5. 


9.22678. 


10. 


16. 


How man'' 


7 fiKU 



y 
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19. If 257 = l(fl*o^, what is the log of 257? 

ft 

20. If a number lies between 10,000 arid 20,000, what 
will its characteristic be? 

21. If a number lies between 10,000 and 100,000, 
between what two integral numbers must its logarithm 

Ue? 

• • • 

131. Mantissas of nimibers are computed by methods, 
usually algebraic, which Ue outside the scope of this book. 
After being computed, the mantissas are arranged in 
tables, from which they are taken when needed. In this 
connection, it is important to note that 

The position of the decimal point in a number affects only 
the characteristic, not the mantissa, of the logarithm of the 
number. 

m 

Thus, if log 6754=3.82956 

A7K4 i/|3.8296ft 

log 67.54=log ^=log i^^ =log 10^«^«= 1.82956. 

' In general, log 6754=3.82956. 

log 675.4=2.82956. 
log 67.54=1.82956 
log 6.754=0.82956 
log .6754=9.82956-10. 
log .06754=8.82956-10, etc. 

132. Direct Use of a Table of Logarithms; that is, 
given a number, to find its logarithm from a table. 

On pages 218-219 is given a table of mantissas for 
numbers from 1 to 1000. These mantissas are carried out 
to four decimal places; hence this table is called a four- 
place table. (As a matter of convenience the decimal 
points are omitted in printing this table.) 

In the table, the left-hand column is a colunm of numbers, and 
is headed N. 
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The mantissa of each of these numbers is the number opposite it 
in the next column to the right. In the top row of each page are 
the figures 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 

To obtain the mantissa for a number of three figures, as 364, we 
take 36 in the first column, and look along the row beginning with 
36 till we come to the column headed 4. The mantissa thus ob- 
tained is .5611. 

If the number whose mantissa is sought contains four or five 
figures, 

Obtain from (he table the manHsaa for the first three fi/gvres, and 
also that for the next higher number ^ and subtract; 

MvUipty the difference between the two mantissas by the fourth {or 
fourth and fifth) figure expressed as a decimal; 

And ADD ffie resuU to &ie marUissafor the first three figures, 

Thu6, to find the mantissa for 167.49, 

Mantissa for 168 =.2253 

Mantissa for 167 = .2227 

Difference = .0026 

Since an increase of 1 in the number (from 167 to 168) makes an 
increase of .0026 in the mantissa, an increase of .49 of 1 in the 
number will make an increase of .49 of .0026 in the mantissa. 

But .0026X. 49 =.001274 or .0013-. 
Hence, .2227 

13 

Mantissa for 167.49 =.2240 

Hence, to obtain the logarithm of a given number, 

Determine the characteristic by § 129 or § 130; 

Neglect the decimal point in the given number y and obtain 

from the table (pp. 218, 219) the mantissa for the given 

figures. 

Exs. Log 52.6 =1.7210. Log .00094 =6.9731-10. 
Log 167.49 = 2.2240. Log .042308 = 8.6264 - 10. 
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N. , 





1 


2 


8 


4 


6 


6 


7 


8 


9 


10 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 


11 


414 


453 


492 


531 


569 


607 


645 


682 


719 


756 


la 


792 


828 


864 


899 


934 


969 


1004 


ia38 


1072 


1106 


13 


1139 


1173 


1206 


1239 


1271 


1308 


335 


867 


399 


430 


14 


461 


492 


523 


553 


584 


614 


644 


673 


703 


732 


16 


17C1 


1790 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 


16 


2041 


2068 


2005 


2122 


2148 


2175 


2201 


2227 


2263 


279 


17 


304 


330 


355 


380 


405 


430 


455 


480 


504 


529 


18 


553 


577 


601 


625 


648 


672 


605 


718 


742 


765 


19 


788 


810 


833 


856 


878 


900 


923 


945 


967 


989 


60 


3010 


3032 


3054 


3075 


3096 


3118 


3139 


3160 


3181 


3201 


21 


222 


243 


263 


284 


304 


324 


345 


365 


385 


404 


26 


424 


444 


464 


483 


502 


522 


541 


560 


579 


598 


23 


617 


636 


655 


674 


692 


711 


729 


747 


766 


784 


24 


802 


820 


838 


856 


874 


892 


909 


927 


945 


962 


26 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


4183 


26 


4150 


4166 


183 


200 


216 


232 


249 


265 


281 


298 


27 


314 


830 


346 


362 


378 


393 


409 


425 


. 440 


456 


28 


472 


487 


502 


518 


533 


548 


564 


579 


594 


609 


29 


624 


639 


654 


669 


683 


698 


713 


728 


742 


757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


81 


914 


928 


942 


955 


969 


983 


997 


5011 


5024 


5038 


82 


5051 


5065 


5079 


5092 


5105 


5119 


5132 


145 


159 


172 


83 


185 


198 


211 


224 


237 


25d 


263 


276 


289 


302 


84 


315 


328 


340 


353 


366 


378 


391 


403 


416 


428 


36 


5441 


5453 


5465 


5478 


5490 


5502 


5514 


5527 


5539 


5551 


86 


563 


575 


587 


599 


611 


623 


635 


647 


658 


670 


37 


682 


694 


705 


717 


729 


740 


752 


763 


775 


786 


88 


798 


809 


821 


832 


843 


855 


866 


877 


888 


899 


89 


911 


922 


033 


944 


955 


966 


977 


988 


999 


6010 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


41 


128 


138 


149 


160 


170 


180 


191 


201 


212 


222 


42 


232 


243 


253 


263 


274 


284 


294 


304 


314 


325 


43 


335 


345 


355 


365 


375 


385 


395 


405 


415 


425 


44 


435 


444 


454 


464 


474 


484 


493 


503 


513 


522 


46 


6532 


6542 


6551 


6561 


6571 


6580 


6590 


6599 


6609 


6618 


46 


628 


637 


646 


656 


665 


675 


684 


693 


702 


712 


47 


721 


730 


739 


749 


758 


767 


776 


785 


794 


803 


48 


812 


821 


830 


839 


848 


857 


866 


875 


884 


893 


49 


902 


911 


920 


928 


937 


946 


955 


964 


972 


981 


60 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


61 


7076 


7084 


093 


101 


110 


118 


126 


135 


143 


152 


62 


160 


168 


177 


185 


193 


202 


210 


218 


226 


235 


63 


243 


251 


259 


267 


275 


284 


292 


300 


308 


316 


64 


324 



332 


340 


348 


356 


364 


372 


380 


388 


390 


N. 


1 


2 


8 


4 


6 


6 


7 


8 


9 
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N. 





1 


■2 


3 


4 


6 


6 


7 


8 


9 


66 


7404 


7412 


7419 


7427 


7435 


7443 


7451 


7469 


7466 


7474 


66 


482 


490 


497 


606 


613 


620 


628 


636 


643 


651 


67 


669 


666 


674 


682 


689 


697 


604 


612 


619 


627 


68 


634 


642 


649 


667 


664 


672 


679 


686 


694 


701 


69 


709 


716 


723 


731 


738 


745 


752 


760 


767 


774 


60 


7782 


7789 


7796 


7803 


7810 


7818 


7826 


7832 


7839 


7846 


61 


863 


860 


868 


876 


882 


889 


896 


903 


910 


917 


62 


924 


931 


938 


946 


952 


969 


966 


973 


980 


987 


63 


993 


8000 


8007 


8014 


8021 


8028 


8036 


8041 


8048 


8065 


64 


8062 


069 


076 


082 


089 


096 


102 


109 


116 


122 


66 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8176 


8182 


8189 


66 


196 


202 


209 


216 


222 


228 


236 


241 


248 


254 


67 


261 


267 


274 


280 


287 


293 


299 


306 


312 


319 


68 


326 


331 


338 


344 


361 


367 


363 


370 


376 


382 


69 


388 


396 


401 


407 


414 


420 


426 


432 


439 


445 


70 


8461 


8467 


8463 


8470 


8476 


8482 


8488 


8494 


8600 


8606 


71 


613 


619 


625 


631 


637 


643 


649 


656 


661 


667 


7S 


673 


679 


686 


691 


697 


603 


609 


615 


621 


627 


73 


633 


639 


645 


651 


657 


663 


669 


675 


681 


686 


74 


692 


698 


704 


710 


716 


722 


727 


733 


739 


745 


76 


8761 


8766 


8762 


8768 


8774 


8779 


8786 


8791 


8797 


8802 


76 


808 


814 


820 


826 


831 


837 


842 


848 


854 


859 


77 


866 


871 


876 


882 


887 


893 


899 


904 


910 


915 


78 


021 


927 


932 


938 


943 


949 


964 


960 


966 


971 


79 


976 


982 


987 


993 


998 


9004 


9009 


9015 


9020 


9025 


80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


81 


086 


090 


096 


101 


106 


112 


117 


122 


128 


133 


82 


138 


143 


149 


164 


159 


166 


170 


175 


180 


186 


83 


191 


196 


201 


206 


212 


217 


222 


227 


232 


238 


84 


243 

• 


248 


263 


258 


263 


269 


274 


279 


284 


289 


86 


9294 


9299 


9304 


9309 


9316 


9320 


9326 


9330 


9336 


9340 


86 


346 


360 


366 


360 


366 


370 


376 


380 


386 


390 


87 


396 


400 


406 


410 


415 


420 


426 


430 


435 


440 


88 


446 


460 


466 


460 


466 


469 


474 


479 


484 


489 


89 


494 


499 


604 


609 


613 


618 


623 


528 


633 


638 


90 


9642 


9647 


9662 


9667 


9662 


9566 


9671 


9576 


9681 


9586 


91 


690 


696 


600 


605 


609 


614 


619 


624 


628 


633 


92 


638 


643 


647 


662 


667 


661 


666 


671 


676 


680 


93 


686 


689 


694 


699 


703 


708 


713 


717 


722 


727 


94 


731 


736 


741 


746 


760 


764 


769 


763 


768 


773 


96 


9777 


9782 


9786 


9791 


9796 


9800 


9806 


9809 


9814 


9818 


96 


823 


827 


832 


836 


841 


846 


860 


864 


859 


863 


97 


868 


872 


877 


881 


886 


890 


894 


899 


903 


908 


98 


912 


917 


921 


926 


930 


934 


939 


943 


948 


962 


99 


966 


961 


965 


969 


974 


978 


983 


987 


991 


996 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 
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E2DSRCISE 118 
Find the logarithms of the following numbers: 



1. 


37. 


6. 


175. 


11. 


.0768. 


16. 


.7788. 


2. 


85. 


7. 


32.9. 


12. 


5780. 


17. 


.04275. 


3. 


6. 


8. 


4.75. 


IS. 


.00217. 


18. 


234.76. 


4. 


90. 


9. 


.08. 


14. 


63.21. 


19. 


5.6107. 


6. 


300. 


10. 


1.02. 


15. 


3.002. 


20. 


7781.4. 



133. Inverse Use of a Table of Logarithms; that is, 
given a hgarithm, to find the number, termed antilogarithm, 
corresponding to this logarithm. 

The method is as follows: 

From the table, find the fibres corresponding to ike man- 
tissa of the given logarithm. 

Use the characteristic of the given logarithm to fix the 
decimal point of the figures obtained. 

Ex. Find the antilogarithm of 1.5658, that is, find the 
number whose logarithm is 1.5658. 

The figures corresponding to the mantissa, .5658, are 368. 
Since the characteristic la 1, there are 2 figures at the left of the 
decimal point. 
Hence, Antilog 1 .5658 » 36.8. 

In case the given mantissa does not occur in the table, 
obtain from the table the next lower mantissa with the corre- 
sponding three figures of the antilogarithm; 

Subtract the tabular mantissa from the given mantissa; 

Divide this difference by the difference between the tabular 
mantissa and the next higher mantissa in the table; 

Annex the quotient to the three figures of the arUilogarithm 
obtained from the table. 

Ex. Find antilog 2.4237. 
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.4237 does not occur in the table, and the next lower mantissa is 
.4232. The difference between .4232 and .4249 is .0017. 
Hence, we have antilog 2.4237=265.29 

4232 
17)6.00(.29 

For if a di£ference of 17 in the last two figures of the mantissa 
makes a difference of 1 in the third figure of the antilog, a difference 
of 5 in the mantissa will make a difference of i^ of 1 or .29 with 
respect to the third figure of the antilog. 

EXERCISE lis 

Find the numbers corresponding to the following loga- 
rithms: 

1. 1.6335. 7. 0.6117. 13. 0.4133. 

2. 2.8865. 8. 9.7973-10. 14. 1.4900. 

3. 2.3729. 9. 7.9047-10. 16. 3.8500. 

4. 0.5775. 10. 8.6314-10. 16. 1.8904. 
6. 3.9243. 11. 7.7007-10. 17. 2.4527. 

6. 1.8476. 12. 6.1004-10. 18. 9.6402-10. 

19. Write log 17 = 1.2304 as a number equal to a power 
of 10. 

134, Properties of Logarithms. As a result of the 
properties of exponents stated in § 57 (p. Ill), it follows that 



(1) log ab = 


log a+log b 


(3) log a' -p log a 


(2) U«(5) 


==loga — logft 


(4) log^=^°«''. 

P 


\ / 

Proof: 




^ 


Let a =10**. 


.*. log a =m. 




6=10». 


.'. log b =n. 




a6=l0'«+«. 


.*. loga6 =m+n=loga+log6. ... (1) 


^=10«-. 




.: log CA=m. 


-n=loga— log6. . . . (2) 
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o'-lO*". .-. loga" =pfn=plogo. .....' (3) 

^a = l(^. .-. log ^a^ntJ^ (4) 

P P 

The same properties may be proved in like mamier for a system 
of logarithms with any other base than 10. 

136. Properties Utilized for Purposes of Computation. 

I. To Multiply Numbers, 

Add their logarithms, and find the antilogarithm of the 
sum. This will be the product of the numbers. 

II. To Divide One Number by Another, 

Subtract the logarithm of the divisor from the logarithm of 
the dividend, and obtain the antilogarithm of the difference. 

III. To Raise a Number to a Required Power, 

Multiply the logarithm of the number by the index of the 
power. Find the antilogarithm of the product. 

IV. To Extract a Required Root of a Number, 

Divide the logarithm of the number by the index of the re- 
quired root. Find the antilogarithm of the quotient. 

Ex. 1. Multiply 527 by .083 by the use of logs. 

log 527=2.7218 
log .083=8.9191-10 
antilog 1.6409=43.7+. Product. 

Ex. 2. Compute the amount of $1 at 6 % for 20 years 
at compound interest. 

The amount of $1 at 6% for 20 years- (1.06)» 

log 1.06=. 0253 

20 

antilog 0.5060=3.21- 

.*. $3.21. Ans. 
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A. 

Computing (1.06)*° by direct multiplication, will make clear the 
amount of labor sometimes saved by the use of logarithms. 

Ex. 3. Extract the 7th root of 16. 

log 15=1.1761 
I log 15=0.1680 
/ antilog 0.1680=1.47+. Ana. 

Ex. 4. By use of logarithms compute 



2V576X3.78' 

log 8.4=0.9243 log 2=0.3010 

log 32.4 = 1.5105 log V576 = 1 . 3802 

2.4348 log 3.78= 0.5775 

2.2587 2.2587 

Antilog . 1761 = 1.5. Ana. 



EXERCISE 114 
Find, by use of logarithms, the approximate value of 

1. 75X1.4. 336.8 10. .48-^(-1.79) 

"• 7984- 

2. 9.8X3.5. 1.78X19 

_ .317 1*' 2^ 7 

8. 15.1 X. 235. ^6649* 

-78 io 3.51X67 
4. 831 X. 25. 8- "oS^- 97.7 ' 

.5 54.7 . 42.316 _ 12.9 



iO* .06214* *"• 4.7X9.1* 

14. 47.1 X3.56X. 0079. 

16. .0631 X 7.208 X. 51272. 

16. 4.77 X(-. 71) -5- (.83). 

523X249 
767X396" 



.56X26.5 
.7X16.78' 
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18. (2.3)«. 23. Vl9. 28. V.00429. 

19. (1.032)1*. 24. <^3^. 29. (2.91)f. 

20. (3.57)*. 26. <^7M. 80. <^. 

21. (.96)7. 26. Vm. 81. VSOX-^'^. 

22. (.795)«. 27. <^. 82. ^yl9-^V46. 

^, * / 52,900 ^. /37J 

^^' V67X5.18' "• \22; 

By the use of logarithms: 

35. Find the amount of $1250 at 6 per cent compound 
interest for 12 years. Also make the computation with- 
out the use o^ logarithms. What fraction of the work is 
saved by the use of logarithms? 

36. Find the amount of $25 at 5 per cent compound in- 
terest for 500 years. 

37. Find the amount of $300 at 6 per cent for 50 years, 
interest being compounded semi-annually. 

38. Find the amount of $300 at 6 per cent for 50 years, 
interest being compounded quarterly. 

39. Find to the nearest thousandth of a foot the radius 
of a circle whose area is 100 sq. yd. (Use x = ^.) 

40. Find the radius of a sphere whose volume is 20 cu. ft. 
(Use V=iirR^ and 7r = V-) 

41. A given parallelogram is 12.7 ft. long and 8.9 ft. 
high. Find the side of a square whose area is equal to 
that of the parallelogram. 

42. Compute Vl5 to three decimal places without the 
use of logarithms. Now obtain the same result by the use 
of logarithms. Compare the amount of work in the two 
processes. 

43. Find log -^Mox-^JlOO without the use of tables. 



60 
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44. By use of logarithms, find the value of ^\? — (?y 
when 6=276.5, c = 172.4. 

45. How many years will it take a sum of money to 
double itself at 5 % compound interest? At 7 per cent? 

46. A certain sum of money at compound interest 
doubles itself in 10 years. Find the rate of interest. 

47. Find the product of 1.7^, .38, and 24.6 by use of 
logs. 

48. Given that log x = 3.7154, find log Vxi 

49. Given log 2 = 0.3010 and log 3 = 0.4771, find log 12 
without using the tables. 

By use of logs, compute the value of 

. o^— , when a = 15, C = 127, r = 1.86, n = 32.17. 

51. -^32.2d(l+^y when d = 27, A = 16, a = 5.23. 

52. ^^^^^^^X.0045C, when P = 120, <=40.5, 7= 
61.5, C=3560. 

136. Exponential Equations. An exponential equation 
is an equation of the form a' = 6, where a and h are known 
quantities and x is unknown. 

An equation of this kind can be solved by taking the 
logarithm of each member. 

Ex. 1. Solve (1.06)' = 3 (that is, find the number of 
years in which $1 will amount to $3 at 6 % compound 
interest). 

xlogl.06=log3. 

log 1.06 .0253 
Ex. 2. Given .3' =2; find the value of x. 
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Taking the logarithm of each member of the equation^ 
X log (.3)=: log 2. 

log 2 .3010 



Henoe, 



»= 



log .3 9.4771-10' 
.3010 



-.5229 



= —.676-. An8. 



EXERCISE 116 
Find the approximate value of x in each of the following 
exponential equations: 

1. 40^ = 76. 4. 1.3' = 7.2. 7. 20* = 5. 

2. 7* = 25. 6. 3'-* = 5. 8. 272'-^ = 8. 

3. 5'+^ = 17. 6. (.4)-* = 7. 9. .703'=1.09. 

10. In how many years will $4000 amount to $8500 at 6 
per cent, if interest ia compounded annually? Semi-annually? 

11. In how many years will $675.50 amount to $2000 at 

5 per cent compound interest? 

12. In how many years will $200 amoimt to $1800 at 

6 per cent, if interest is compounded quarterly? 

13. If $1280 amounts to $37,770 in 50 years at com- 
pound interest, what is the rate per cent? 

EXERCISE 116 

1. The costs in dollars per month of running two auto 
trucks of the same size for the first six months of a year, 
and the number of miles run per month were as foUows: 







Jam. 


FVB. 


Mab. 


April 


Mat 


JUNB 


Firet 
Truck 

Second 
Truck 


Cost 


$32 


$33 


$43 


$31 


$37 


$29 


Miles run 


627 


473 


456 


608 


712 


802 


Cost 


$28 


$36 


$49 


$33 


$31 


$39 


Miles run 


732 


884 


672 


516 


416 


523 
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On the same diagram construct an efficiency curve (but no 
other curve) for each truck. From the chart determine 
which of the two trucks was more efficient in the winter 
months. Also which was more efficient in the spring 
months. 

2. Graph 2/ = 2 z+b when 6 = 1. On the same dia- 
gram, graph 2/ = 2 x+b when 6 = 2. When 6 = — 1. When 
6 = 0. 

3. On the same diagram, graph y=x^+b when 6 = 0, 
1, 3, ~2. 

Graph the following in each case selecting the most 
appropriate form of graph: 

4. In a given year the total profits of a department 
store were $32,316. The respective profits of the five 
departments in the store were as follows: $6820, $3127. 
$7180, $10,173, $5016. 

5. In the year 1830 a bushel of wheat, on the average 
in the United States, was raised by 3^ hours of labor by 
one man; in the year 1910, a bushel was raised by 10 
minutes of labor. 

6. The following tabulation gives the population of the 
United States in millions, and the production of pig iron 
in millions of tons in the years specified: 



Year 

Population 

Pig iron 

Pounds per capita 



1870 


1880 


1890 


1900 


1910 


1920 


39 


50 


63 


76 


92 




1.8 


4.3 


9 


13.8 


27.3 





7. The following tabulation gives the quota assigned 
to the salesman of a certain article for eight months and 
also the number of articles actually sold by him: 
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Month 


Jan. 


Feb. 


Mab. 


Apbil 


Mat 


JUNB 


July 


August 


Quota 
Sales 


200 

176 


210 

183 


220 
201 


230 
240 


240 
262 


240 
272 


240 
289 


240 

293 



What can you learn from your chart? 

EXERCISE 117 

General Review 
1. Factor: _ 

(1) (3a;«-2x)«+5(3x«-2x)-6. (4) 8a»+y«. 

(2) ax+y—by+ay+x-hx, (5) a^-16x« 

(3) a;*+6x»+9x«-4x-12. (6) l-27a»»» 

2x+l 6x-6 llx«-22x+10 



2. Simplify 
letting x»l. 
8. Solve A= 



3x-5 2x+7 



35-6 x« 



and check by 



4(2 r-A) 



for h. 



4. Solve V3x+10-Vl0x+16-Vx+2=0 and check. 

5. Solve X— y=l, =-. 

y X 6 

6. Find two numbers such that their sum multiplied by the 
greater is 126, and their difference multiphed by the less is 20. 

7. Without solving or substituting, determine whether 2 

and —.75 are the roots of x«— 15=2x. Also whether J(3±V3) 
are the roots of 2x"+3— 6x=0. 

8. Insert four geometric means between 160 and 5. 

9. How many terms of the A. P. 42, 39, 36, . . . must be taken 
to make 315? 



10. Simplify -^4 ^ 



a — a+- a — - ab-\ — 
a a a* a 



\ r and check by letting 



o«2 and b^l. 



11. Solve for X and y: mx+-=l, nx-] — =1. 

y y 
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12. If A gives B S6, B will have f as much as A has left. But 
if B gives A $5, B will have f as much as A then has. How much 
does each man have? 

13. Denoting the first of three consecutive numbers by n, 
prove that the sum of any three consecutive numbers is equal to 
three times the middle of the three numbers. 

14. Two men, A and B, together do a piece of work in 12 days. 
B alone would need 10 days more than A. How many days 
would it take each working alone? 

15. The area of a given rectangle is 12 sq. ft. If the length 
is increased by 1.5 ft. and the width by .8 ft., the area is increased 
by 8.9 sq. ft. Find the dimensions of the rectangle. 

16. Divide 2a— ai6-i— 3 6-* by 2a}— 3 6 -land verify your 
result by letting a=9 and 6=4 in divisor, dividend, and quotient. 

17. Solve 2a;+y-2=0, 4x«+6a^+2x-6y+l=0 and check 
your results. 

18. Convert log f t) =log a— log 6 into a rule. 

19. Find without solving whether the roots of 2.1 a;« — 3 oj+l =0 
are rational or irrational, real or imaginary, equal or unequal, 
positive or negative. 

20. The larger of two numbers when divided by the smaller 
gives a quotient 3 and a remainder 8. The square of the smaller 
exceeds twice the larger by 11. Find the numbers. 

21. Prove that the product of the first and last of any three 
consecutive numbers is 1 less than the square of the middle number. 

22. Factor: 

(1) x'^^y-i, (4) x^^y-^ 

(2) xi^5xi+6. (5) 4x-y«. 

(3) a-+5». (6) ^+2-^0 

y* X* 

23. Eliminate q between x=^ap+cq and y=bp—dq. 

24._Smiplify and multiply iV8+V32- V48 by 3V8~JV32 
+2V12. 



230 A SECOND BOOK IN ALGEBRA 

26. Solve T'^v r{r+l) for r. 

26. A farmer has a field 60 rd. long and 40 rd. wide. How wide 
a strip must he cut around the outside of the field in order to 
leave 5 acres uncut. 

27. By use of logarithms, determine the number of years in 
which SlOO must be at compound interest at 5 % in order to 
amount to S500. 

28. Find the sum of the first 10 terms and also of the next 10 
terms in the A. P. 30, 26), 23i 

29. Solve (a— 6)x«— o«x+o*=0 for x and check your answers. 

3V3— 4 

30. Compute — := — in the shortest way and to the nearest 

4V3-6 

hundredth. 

31. Solve graphically 2x«-ll x+6=0. 

32. Draw graphs of x*+|/«=9, and 6a:-4y=24. Tell the 
algebraic meaning of the fact that the graphs do not intersect. 

33. One jar contains an acid 92 % pure and another jar contains 
the same kind of acid 65 % pure. How much must be taken from 
each jar to make two gallons 80 % pure? 

34. Obtain a formula for the area of the 
y / T *''dio"^8 figure. 

i "'* 'HA 36. If each stroke of an air pump re- 
moves § of the air in a receiver, what 
' fraction of the air will be left in the re- 
ceiver after 10 strokes? 



j~^^ 



36. By use of the formula 2^=V«(s— a)(«— 6)(«— c), find the 
area of the triangle whose sides are 67.2 yd., 87.8 yd., 51.4 yd. 
Compute by the use of logarithms. 

37. Solve x*+xy+2 y«=74 and 2 z*+2 xy+y* =73. 

38. A reservoir has a supply pipe A and an exhaust pipe B. 
The pipe A takes 4 min. less time to fill the reservoir than B takes 
to empty it. When both are open the reservoir is filled in 24 min. 
Find the time needed for A to fill the reservoir when B is closed. 
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39. Solve — I — =5 and x— w=.3 and check. 

X y . 

40. A steamer makes a trip of 3240 miles. The time of the trip 
would have been a day and a half less if her speed had been 2 miles 
per hour more. Find the time of the trip. 

41. Using suitable letters, obtain a formula for the volume of a 
soUd composed of a cylinder with a hemisphere attached at each 
end. 

42. In the year 1913, before the great war began, the per 
cents of the world's coal output produced by the leading coal- 
producing countries were as follows: United States, 38; British 
Empire, 26; Germany, 25; all other countries together, 11. Graph 
these facts in an appropriate way. 

43. Simplify (1) (.09) -|+ (.064)1. 

(2) (x~)»-^ (x»)"+^ (x"')i-2». 

44. Rationalize the denominator of ,. — 

46. A 20-lb. mass of gold and silver alloy when immersed in 
water weighed only 18.276 lb. If gold loses .051 of its weight and 
silver .095 when thus weighed, how many poimds of each were in 
the alloy? 

47. What is the shortest way of determining whether correct 
results have been obtained in solving a quadratic equation? By 
use of your method determine whether .25 and 1.5 are the roots 
of 4x«-7x+1.5=0. 

48. Find the value of k which will make the roots equal in 
4x«-2(fc+3)x+A;«=0. 

49. Simplify _lg^+_l_. 

50. What must be t^e value of n in order that (2a+n)-^ 
(3 n+69 a) may be equal to A"i when a=i? 
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51. The hypotenufle of a right triangle is 20. The sum of the 
other two sides is 28. Find the length of the sides. 

1 1 

62. Find to 3 decimal places the value of — =H — 7= — . 

V2 V2-I 



53. Simplify V(m-n)^+V(m+n)«a- Vam«+Va(l-m)«. 

54. The United States 5-cent piece (or nickel) is 75 % copper 
and 25 % nickel. If a mass of nickel and copper weighing 80 
pounds is 90 % copper, how many pounds of nickel must be added 
to it to make it ready for coinage into 5-cent pieces? 

55. Solve Vx+Vz- V3 x+a;«= V3. 

56. Find the square root of the product of x*— 1, x^—Zx+2, 
and X*— X— 2 in the shortest way. 

57. Evaluate '—^= — '—, without extracting any root. 

6VI8 

3 1 

58. From p subtract 7= and express the result as a 

5-2 V3 3+V3 

fraction having a rational denominator. 

59. Multiply \^^nr^*-Vrn^^^+^y^ by m-i 
+ni. 

60. Find the algebraic expression which, when divided by 
X*— 2a:+l, gives a quotient of x«+2x-|-l and a remainder of 
x-1. 

61. Find the numerical value of (5.1)i to 4 decimal places. 

62. Separate 200 into three such parts that the first divided by 
the second gives 2 for quotient and 2 for remainder; and the second 
divided by the third gives 4 for quotient and 1 for remainder. 

63. Simplify (3V^)«. 

wl* 8 s* 

64. Eliminate I between the equations: 8=— and I'—l+^r* 

65. Smiplify — , , , . Also j- r— — 77T~r~r 

a-^—b-^ (1— a)-^— (1+a)-* 

66. Rationalize the denominator of 7= — and find the value 

vc 

of the result when a»^, 6=20, and c^5. 
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Coefficients, of an equation, 180 
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Efficiency curve, 44 
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fractional, 55, 131 

graphs of, 93, 168 

homogeneous, 155 

independent, 73 

linear, 90 

literal, 145 

quadratic, 144, 154, 179 

radical, 130, 131, 133, 149 

roots of, 179 

simultaneous, 73, 92, 154 
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law of, 13, 15, 98 
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positive. 111 

zero, 113 
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in radical equationSi 133 



Factorial method of solving equa- 
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114 
Factor Theorem, 41 
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in arithmetical progressions, 
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of, 114 
Function, 87 
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means, 205 
Graphical solution of problems, 
95 

of equations, 92, 174 
Graphs, 19, 44, 87 

bar, 106, 138,139 

circle, 172 

ellipse, 169 

hyperbola, 170 
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linear, 90 

quadratic, 168 

simultaneous, 92 
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use of, 88 
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geometrical, 205 
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Multiplication, 12, 27 

of fractions, 52 

of radicals, 126 

Negative exponent, 113, 116, 117 

quantity, 135 
Net profit graphs, 185 
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Number, complex, 135 
imaginary, 101 
real, 101 
of roots, 101 

Cynd Exercises, 10, 16, 42, 62, 66, 
80, 119, 133, 161, 163 

Parabola, 168 

Polynomials, factoring^ of, 32, 39, 
40 

square root of, 103 
Positive exponents. 111 
Powers of fractions, 99 
Problems, solution by graphs, 95 
Progressions, 191 

arithmetical, 191 

geometrical, 200 

Quadratic equations, 144, 154, 179 
> affected, 148 
graphs of, 168 
literal, 145 
simultaneous, 154 
solution of, 155 
by formula, 145 
by graphs, 172, 174 
by completing square, 144 
Case I, 155 
Case II, 156 
Case III, 159 
theory of, 179 
Quadratic surd, 129 

Radical equations, 130, 133, 149 
Radicals, 122 

addition of, 125 

division of, 127 

involution of, 126 

multiplication of, 126 

similar, 122 
Radicand, 122 



Rationalizing the denominator 

128 
Real number, 101 

quantity, 135 
Review Exercises, 23, 42, 70, 108, 

120, 133, 134, 150, 162, 188, 228 
Roots, 101 

extraction of, 102 

extraneous, 59, 133 

imagmary, 172, 179 

indicated, 121 

number of, 101 

of an equation, 179 

principal, 102 

real, 179 

relation to coefficient, 182 

zero, 179 

Series, 191 
Signs, law of, 99 
Similar radicals, 122 
Simplification, of quantity under 
radical sign, 123 

of indices, 125 
Simultaneous equations, 73, 92, 

154 
Square root, 103 

of arithmetical numbers, 104 

of binomial surds, 129 

of polynomials, 103 
Subtraction, 8 

in solving quadratic equations, 
159 

of fractions, 51 
Sum or difference of cubes, 29 

of two like powers, 31, 36 
Surds, 122, 

binomial, 129 

entire, 122, 124 

quadratic, 129 
Symmetrical equations, 158 
Symmetry of curves, 170 
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Term, absolute, 154 

Theory of quadratic equations, 

179 
Trinomiate, factoring of, 33| 34 



Variable, 87 

Zero, as exponent, 113 
as root, 179 
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